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SIGN-CHANGING BLOWING-UP SOLUTIONS FOR THE 
BREZIS NIRENBERG PROBLEM IN DIMENSIONS FOUR AND FIVE 

A. IACOPETTI, G. VAIRA 


Abstract. We consider the Brezis-Nirenberg problem: 

—A u = Xu + \u\ p ~ 1 u in Q, u = 0 on dfl, 

where H is a smooth bounded domain in ~R N , N > 3, p = and A > 0. 

In this paper we prove that, if ft is symmetric and N = 4, 5, there exists a sign-changing 
solution whose positive part concentrates and blows-up at the center of symmetry of the 
domain, while the negative part vanishes, as A —»• Ai, where Ai = Ai(f2) denotes the first 
eigenvalue of —A on ft, with zero Dirichlet boundary condition. 


1. Introduction and statement 

In this paper we deal with the following problem 

—A u = A u+ \u\ p ~ l u 
u = 0, 

where $2 is a bounded smooth domain of W N , N = 4, 5, 
exponent for the embedding of Hq(Q) into L p+1 ($2). 

Problem ED is known as the Brezis-Nirenberg problem since the first existence results for 
positive solutions of ED were given in their celebrated paper |14j . In particular they showed 
that the dimension TV plays a crucial role in the study of Problem ED- In fact they proved that 
if TV > 4 there exist positive solutions of ED for every A € (0, Ai), where Ai = Ai(A2) is the 
first eigenvalue of — A on fl with zero Dirichlet boundary condition, while if TV = 3 there exists 
A» = A*(12) > 0 positive solutions exist if A € (A*, Ai). When f2 = B is a ball they also proved 
that A»(i?) = an d a positive solution of (11.11) exists if and only if A 6 ( Al ^ , Ai (B)). 

Moreover, as consequence of the classical Pohozaev’s identity positive solutions do not exist if 
A < 0 and fl is star-shaped. 

Since then several results have been obtained for Problem ED, in particular on the asymptotic 
analysis of positive solutions, mainly for TV > 5, because also the case TV = 4 presents more 
difficulties compared to the higher dimensional ones. 

Concerning the case of sign-changing solutions of ED, several existence results have been 
obtained if AT > 4. In this case one can get sign-changing solutions for every A £ (0, Ai(f2)), or 
even A > Ai(fi) (see [IZl [HI RH1 E31 [2H El HU [201 S3)- In particular, Capozzi, Fortunato and 
Palmieri in m showed that for TV = 4, A > 0 and A ^ ct(—A) (the spectrum of —A in Hq(£1)) 
Problem ED has a nontrivial solution. The same holds if TV > 5 for all A > 0. 

The case TV = 3 presents the same difficulties enlightened before for positive solutions and 
even more. In fact, it is not yet known, when f2 = B is a ball in R 3 , if there are nonradial 
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OF THE MAIN RESULTS 


in fl 
on dfl 


( 1 . 1 ) 


A > 0, p +1 = -^2 the critical Sobolev 


l 
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sign-changing solutions of ED when A is smaller than A *(B) = Xi(B)/A. A partial answer to 
this question posed by H. Brezis has been given in m- 

However, even in the case N = 4,5,6, some apparently strange phenomenon appears for 
what concerns radial sign-changing solutions in the ball. Indeed it was first proved by Atkinson, 
Brezis and Peletier in [5] that for N = 4,5,6 there exists A* = X*(N) such that there are no 
sign-changing radial solutions of (11.11) for A € (0,A*). Later this result was proved in [lj in a 
different way. 

As it will be clear in the sequel, the nonexistence result of Atkinson, Brezis and Peletier is 
connected to the asymptotic analysis of low-energy sign-changing solutions of ED- Ben Ayed, 
El Mehdi and Pacclla have investigated the latter question in mm- More precisely, denoting 
by || • || the Uq (£2)-norm and by S the best Sobolev constant for the embedding into 

A 2 *(fl), they studied the asymptotic behavior of sign-changing solutions u\ of (11.11) such that 
||ma || 2 —*■ 2 S N / 2 , as A —> 0 if N > 4, or A —> A, if N = 3, where A is the infimum of the values 
of A for which nodal low-energy solutions exist (see [ID]). They proved that these solutions blow 
up at two different points ai, a, 2 , which are the limit of the concentration points aA,i, oa ,2 of the 
positive and negative part of u\. We point out that they need to assume the extra hypothesis 
that the concentration speeds of the two concentration points are comparable for N > 4 (see 
HD), while in dimension three this was derived without any extra assumption (see |lOj). 

In view of the results of Ben Ayed, El Mehdi and Pacclla we get that, for N > 4, the question 
of proving the existence of sign-changing low-energy solutions (i.e. such that ||ua||o converges to 
2 S N / 2 as A —> 0) whose positive and negative part concentrate and blow up at the same point, 
was left open. 

In [SU], by studying the asymptotic behavior, as A —> 0, of low-energy radial sign-changing 
solutions of ED in the unit ball of B. N , for N > 7 (for these dimensions they do exist, as proved 
by Cerami, Solimini and Struwe in (20)1. it has been proved that the positive and the negative 
part of such solutions concentrate and blow up at the center of the ball, and their concentration 
speeds are not comparable. Moreover, in the recent paper [33j, it has been proved that for N > 7 
these so called “bubble-tower” solutions for ED, exist, as A —> 0, in general bounded domains 
with some symmetry. 

We point out that, in the previous result, the assumption A r > 7 on the dimension is not only 
technically crucial but it also is necessary. In fact, in the recent paper [31] . the authors proved 
that for the low dimensions N = 4,5,6, and in general bounded domains, there cannot exist 
sign-changing “bubble-tower” solutions for ED, as A —> 0. This result is hence the counterpart, 
in general bounded domains, of the nonexistence theorem of Atkinson, Brezis and Peletier if we 
think of sign-changing “bubble-tower” solutions as the functions which play, in general bounded 
domains, the same role as the radial solutions in the case of the ball. 

In view of all these results it is natural to ask what kind of asymptotic profile we can expect 
for sign-changing solutions in the low dimensions N = 4,5,6, as A goes to some strictly positive 
“limit” value. The case of radial sign-changing solutions in the ball, having two nodal regions, 
has been investigated in m- By studying the associated differential equation, and taking into 
account the results of i, H, the authors prove that if (u\) is a family of radial sign-changing 
solutions of ED in the unit ball B\ ofR N , having two nodal regions, such that ma( 0) > 0, and 
denoting by A = X(N) the limit value of the parameter A, which arises from the study of the 
related ordinary differential equation, then: 


(i) if N = 4,5, then A = Ai(Si), where Xi(Bi) is the first eigenvalue of —A in Hq(Bi), 
and uj concentrates and blows-up at the center of the ball having the limit profile of a 
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“standard bubble” in (i.e. a solution of the critical problem in M. N , see (GUO, while 
u 7 converges to zero uniformly, as A —> A. 

(ii) if TV = 6 , then A £ (0, Ai(Ri)) and u ^ behaves as in (i) while uf converges to the unique 
positive radial solution of (EB in Bi, as A —> A. 

The aim of this paper is to show that, in general (symmetric) bounded domains of R^, when 
N = 4,5, there exist sign-changing solutions of Problem ED having an asymptotic profile, as 
A —> Ai(fl), which is similar to that of radial ones in the ball. 

The case N = 6 is more delicate and at the moment we can only make some conjecture (see 
Remark 18.31) . 

In order to state our results, we denote by e\ the first (positive, L 2 -normalized) eigenfunction 
of the Laplace operator with Dirichlet boundary condition, namely e\ solves the problem 


—Aei = Aiei in Q 
e\ = 0 on dfl, 


( 1 . 2 ) 


and ei > 0 in fl, |ei|| = J n |ei | 2 dx = 1 . We construct solutions u\ of Problem ( 11 . 11 ) which, up 
to a remainder term, are given by a superposition of a “standard bubble” (suitably projected) 
and the first eigenfunction of the Laplace operator, multiplied by a factor tending to zero, as 
A -*■ Ai. 

More precisely, denoting by V the projection onto iLg(fl) (see (12.41) 1. we get: 


Theorem 1.1. Let N = 4. Assume that 0 £ fl and that f 1 is symmetric with respect to x \,..., X 4 . 
Then, for all A > Ai sufficiently close to Ai, there exists a sign-changing solution u\ of problem 
ED of the form 


u\(x) = V a 4 


(A-Ai)e a " a isia 


(A — Ai) 2 e “is 


2 

1A 


Xl [(S 2 A - l) 2 + l] ei + 4 >a 


(1.3) 


where 04 = 2 a/2, Sj\ —> Sj > 0, j = 1,2 as A —> Aj 1 " and 4>a —>■ 0 in Hq(LI) as A —Aj 1 ". Moreover 
u\ is even with respect to the variables x \,..., X 4 . 


Theorem 1.2. Let N = 5. Assume that 0 £ LI and that SI is symmetric with respect to X \,..., x$. 
Then, for all A < Ai sufficiently close to Ai, there exists a sign-changing solution u\ of problem 
ED of the form 


u\(x) = T 


&5 


(Ai — A) 2 d2\ 

(Ai - A) 2 d 2 A + M 2 


3 1 

2 


(Ai - A)«diAei + $a 


(1.4) 


where 05 = 15VTE, dj\ —> dj > 0, j = 1,2 as A — > A x and $a =► 0 in as A —l A x . 

Moreover u\ is even with respect to the variables x\,..., x*,. 


Remark 1.3. We observe that the solutions obtained in Theorem 11. H and Theorem, 11. PI are sign¬ 
changing because, in the case N = 4 they solve Problem \ 1. 1\ for A > Ai and it is well known that 
for these values of the parameter A there cannot exist positive (or negative) solutions of Problem 
ED (see Remark 1.1 in mi;- In the case N = 5, the sign-changingness of the solution is a 
consequence of the estimates of the L°°-norm of the remainder term (see the proof of Theorem 
El and Provosition \ 8 . 1\) . 

We point out that since Ai(Sl) is reached from above, if N = 4, while, it is reached from below, 
if N = 5, our results agree with those of [3] and {H] for radial sign-changing solutions in the 
ball. 
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Moreover, we observe that, thanks to the estimates of the L°°-norm of the remainder term in 
compact subsets of f2\ {0} (see the proof of Theorem ll.2l Proposition 18.II and Remark l8.2D . the 
main contribution to the negative part of the solutions obtained in Theorem 11.11 Theorem 11.21 
is given by the first (normalized, positive) eigenfunction of — A in Hq (fi), multiplied by a factor 
tending to zero, as A —> X\. Hence, this family of solutions verifies, in the more general setting 
of bounded (symmetric) domains, a conjecture made by Atkinson, Brezis and Peletier in [B] for 
nodal radial solutions in the ball, for 2V = 4,5, which states that the negative part of these nodal 
radial solutions, converges to zero, in compact subsets of Bi \ {0}, as the first eigenfunction of 
—A in the unit ball multiplied by a vanishing factor, as A —> X\. 

We also observe that the energy (see (11.51) ') of the solutions obtained in Theorem ll.il Theorem 
11.21 converges, as A —>■ Ai(H), to the “critical” energy level jjS N ^ 2 for the Palais-Smale condition 
(as a consequence of Ol), E3 and since the .ffg-norm of the remainder term goes to zero). 

The proof of our results is based on the Lyapunov-Schmidt reduction method which allows us 
to reduce the problem of finding blowing-up solutions to ED to the problem of finding critical 
points of a functional (the reduced energy) which depends only on the concentration parameters. 
We point out that, since we deal with the critical exponent, there are serious difficulties with the 
standard procedure (see Section 1 of [35]), when trying to look for critical points for the energy 
functional associated to EH), namely 

•h{u) = \ [ \SJu\ 2 dx - f \u\ p+1 dx-^ f u 2 dx , u e (1.5) 

1 Jo P + 1 Jo 1 Jo 

In order to overcome these difficulties, for the case TV = 5 we use an idea, introduced in our paper 
133] . which is based on the splitting of the remainder term in two parts. Usually the remainder 
term is found by solving an infinite dimensional problem, called “the auxiliary equation”, 
here, we look for a remainder term which is the sum of two remainder terms, of different orders. 
These two functions are found by solving a system of two equations, which is obtained by split¬ 
ting the auxiliary equation in an appropriate way. We also point out that, in order to make the 
finite dimensional reduction method work, we use some techniques which usually belongs to the 
variational framework. In fact, the standard procedure allows us to get only estimates of the 
HQ-norm of the remainder term, but in our case it is necessary to improve these estimates (at 
least for one of its components) in the L°°-norm. 

For the case TV = 4 we use the standard procedure, but it requires finer and different esti¬ 
mates, since they are more delicate in this dimension, and it also requires suitable choices of the 
parameters S and r. 

We also observe that the symmetry assumption on the domain f 1 is only made in order to 
simplify the computations which however, even in the symmetric context, are long and tough. 
But there is no reason, a priori, for the previous result not to hold in general domains. 


2. Notations and some preliminary results 
We introduce the functions 


JV-2 
0 2 

Hs(x) = a N - 5 > 0, x £ 

(S 2 + |a;| 2 ) 2 


i ,N 


( 2 . 1 ) 
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N — 2 . . . . _ 

with ajv := [IV (IV — 2)]~ ~ . Is is well known (see 0, PS], 23]) that m are the only radial 
solutions of the equation 


— Au = u p 

in R^. 

(2.2) 

We define ips to be the unique solution to the problem 


f Atps = 0 
\ ips =Us 

in H 

on 

(2.3) 

and let 



VUs := U s 

- <PS 

(2.4) 

be the projection of Us onto Hq(£1), i.e. 



> 

II 

£ 

in H 

(2.5) 

\ VU S = 0 

on dil. 


Finally, we introduce the Robin’s function of a domain Q which is defined as t(x) = H(x,x). 
Here H(x,y ), x,y G fi, is given as follows: for all y G fi, H(x,y) satisfies 

-AH(x,y) = Q, in Cl, H{x,y) = _ * _ 2 , x G dfl. 

The function H is nothing but the regular part of the Green function. Indeed, if G(x, y) denotes 
the Green function of the Laplace operator at the boundary dfl, we have: 

G(x, y) = lN ( |a ,_* |JV _ 2 - H (. x , y)^j 

with := (jv„2)cjjv ’ w ^ ere denotes the surface area of the unit sphere in R^. 


It is well-known that the following expansions holds (see 20] ) 

N — 2 N-1-2 

ips(x) = H(0,x) + 0 (S ^~) as <5 —> 0. 

Moreover, from elliptic estimates it follows that 

N — 2 

0 < cpsyx) < co 2 , in 


and 

Ws\q,Q. < 

see for instance 23 and references therein. 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


In what follows we let 

(u,v) := / Vu-Vvdx, ||w|| := ( / |Vu| 2 da; 

Jq \Jq 

as the inner product in Hq(Q) and its corresponding norm while we denote by (■, ■)h 1 (m. n ) and 
by || • ||//i(r n ) the scalar product and the standard norm in IL 1 (R Af ). Moreover we denote by 

|n| r := H dx 

the L r (H)-standard norm for any r G [1, +oo]. When A ^ Q is any Lebesgue measurable subset 
of R^, or, when A = H and we need to specify the domain of integration, we use the alternative 
notations ||m||a, Mr, a- 
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From now on we assume that Q is a bounded open set with smooth boundary of $i N , sym¬ 
metric with respect to x\,..., xjy and which contains the origin. 


We define then 

H S im '■= {w £ Hq(SY) : u is symmetric with respect to X \,..., xjv} , 
and for q £ [1, +oo] 

L q sim '■= {u £ L q (£l) : u is symmetric with respect to X\,xn} . 


3. Setting of the problem 

2 N 2 N 

Let i* : L s ^ 2 —► H sim be the adjoint operator of the embedding i : H sirn (VL) L , namely 

2 N 

if v £ then u = i*(v) in H S i m is the unique solution of the equation 

—Am = v in Q u = 0 on 1 . 

By the continuity of i it follows that 

2N 

r(M)||<C-H^ Vu£L"+ 2 (3.1) 

for some positive constant C which depends only on N. 

Hence, we can rewrite problem m in the following way 


where /(s) = |s| p x s, p = 


f u = i* [f(u) + Xu] 
G Hsim 


(3.2) 


Let Z$ the following function 

M — 2 jv-4 \x\ 2 - S 2 

Z s (x) := dgUsix) = a N —~6~ (3.3) 

2 (5 2 + \x\ 2 )~ 

We remark that the function Zg solves the problem (see [13] ) 

- Az = p\Ug\ p ~ 1 z, in S. N . (3.4) 

Let VZg the projection of Zg onto iLg(fl). Elliptic estimates give 

N — 2 AT —4 N 

VZg(x) = Zg{x) — aw —-— 8~‘ 2 H{ 0, x) + 0(6 ~*) (3.5) 

s ---v-' 

:=i l>s(x) 

uniformly in Cl. 

We next describe the shape of the solution we are looking for. 


Let 5, t be positive parameters defined in the following way: for N = 4 we let 


5 = ee e si r = e e g(s 2 ) 

Instead, for N = 5 we let 


with A — Ai = e, g(s 2 ) = (s 2 — l) 2 + 1, Sj > 0. (3.6) 


t = e 4 di 


6 = e 2 d 2 , 


dj > 0. 


with Ai — A = e, 


(3.7) 
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Fix a small rj > 0 and assume that 


77 < dj, Sj < — for j = 1 , 2 . 


(3.8) 


We look for an approximate solution to problem (E2D which is of the form 

u\(x) = Vlds - rei + <h A (x) (3-9) 

where e\ > 0 is the first eigenfunction of —A corresponding to the first eigenvalue Ai, and the 
remainder term <f>A is a small function which is even with respect to the variables x\,, xn- 


Finally let us recall some useful inequality that we will use in the sequel. Since these are known 
results, we omit the proof. 

Lemma 3.1. Let a be a positive real number. If a < 1 there holds 

(x + y) a < x a + y a , 

for all x,y > 0. If a > 1 we have 

(x + y) a <2 a -\x a +y a ), 


for all x, y > 0 . 

Lemma 3.2. Let q be a positive real number. There exists a positive constant c, depending only 
on q, such that for any a,b £ R. 


n„+ 6 |» _ i„i»i < r= mi, >{i*i’, lop-’iNi 

- \o(|a|«-'|i.| + |i>|«) 

ifO < q < 1, 
if 1 < q < 2. 

(3.10) 

Moreover if q > 2 then 



\\a + b\ q — \a\ q — q\a\ q ~ 2 ab\ < c ( a 9_ 

W + I&l 9 )- 

(3.11) 

Recalling that /(s) = |s| p_1 s, where p = we have: 




Lemma 3.3. Let N < 6. There exists a positive constant c, depending only on p, such that for 
any a, b £ R 

l/(o + b) - f(a) - f'(a)b\ < c(\ar 2 \b \ 2 + |6| p ), (3.12) 

and 

I f(a + b)~ f(a )| < c(|a| p - 1 |6| + \b\> + \a,r 2 \b\ 2 ). (3.13) 

Lemma 3.4. Let N < 6. There exists a positive constant c depending only on p such that for 
any a, b±, b 2 £ K we get 

|/(a + bi) - f(a + b 2 ) - f{a)(b 1 - b 2 )\ < c (|a| p_2 |6 2 - h\ + |&i| p_1 + |& 2 | p_1 ) \h - b 2 \. (3.14) 


3.1. Scheme of the reduction. Let us consider 


1C 1 := span{ei} C H sim -, K := span{'PZ l5 , ei} C H sim 


and 

:= I'/’ 6 Hsim ■ (</>, e l)Hl(Q) = 0 } ; JC X := j</> £ H sirn ■ e l)ffi(fi) = 0, jyi(n) = 0 

Let III : H S i m —> 1C 1 , II : H S i m 1C and II] 1 : H S i m —> ICf, II- 1 : H S i m —> be the projections 
onto 1C i, /C and /C x , /C x , respectively. 

We set 


V\(x) := VUg(x) - rei(x). 


(3.15) 
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We remark that V\(x) = V\(s, x ) for ./V = 4 and V\(x) = V\ (d, x) for N = 5 where s := (si, S 2 ) £ 
R+ and d := (d\, df) £ K+. 

In order to solve Problem (ED we will solve the couple of equations 

n x {Pa + $a - ** [/(Pa + $a) + A(P a + $ A )]} = 0, 
n {Pa + $a - i * [/(Pa + $a) + A(P a + $a)]} = 0. 

Given s and d satisfying condition (13.8(1 . one has to solve first the equation (13.161) in $a 
is the lower order term in the description of the ansatz and then solve equation (13.171) . 

We recall finally the definition of stable critical point that we will use in the sequel. 

Definition 3.5. Let h : T> — >■ R be a C 1 — function where T> C R m is an open set. We say that 
xq is a stable critical point if 

Vft(x 0 ) = 0 

and there exists a neighborhood U of xo such that 

Vft(x) ^ 0 V x £ dU 
Vft(x) =0, x £ U => h{x) = ft(x 0 ) 

and 

deg(Vh,U, 0) ^ 0 

where deg denotes Brouwer degree. 

We remark that any non-degenerate critical point of ft, is a stable critical point in the sense of 
Definition 13.51 

Moreover it is easy to see that if xo is a minimum or a maximum point of ft (not necessarily 
non-degenerate) then xq is a stable critical point in according to Definition 13.51 


(3.16) 

(3.17) 
which 


The case N = 4. For Ai = 4we write (13.161) as 

^ a +T($a)+AT($a) =0 (3.18) 

where 

Ux :=n ± {PA-P[/(P A ) + AP A ]} (3.19) 

£($ a ) := n x {$ A - i* [/'(W«)$a + A$ a ]} (3.20) 

and 

W($a) := n x {-i* [/(Pa + <P0 - /(Pa) - /'(Z/ 4 )$a]} • (3.21) 

The case N = 5. As anticipated in the introduction, in the case N = 5 we split the remainder 
term as 

$A = </i + f>2 


with 

WfoW = 0 ( 11 ^ 11 ). 

We start with solving the auxiliary equation (13.161) . 

We write (13.161) as 

TZi + Til + Ci(<pi) + £ 2 (^ 2 ) + N\(<j)\) + A /2 (</>!, 02) = 0, 


where 


(3.22) 
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n 2 ■- n x {vu s - i* [xpu$ + f{ru s - Tei )}} . (3.24) 

A(0i):= n^-{ 0 i-i*[Ai 0 i]} (3.25) 

c 2 (h) ■= n x {0 2 - i* [f\Us)(t >2 + A0 2 ]} (3.26) 

A/i(0i) := n x {—i*[f(—Tei + 00 - (A, - A)0i]}, (3.27) 

and 

A4(0i, 0 2 ) := lL{-i*[/TA + 0i + 0 2 ) - /'(Z 4)02 - /(-rei + 0i) - f(VU s - rei)]}. (3.28) 

In order to solve equation (13.161) we solve the following system of equations 


IZi + £i(0i) + A/i(0i) — 0, 

1Z 2 + £ 2 (02) + A/ 2 (01) 02) = 0, 


(3.29) 


We remark that it is not restrictive to consider 7£i, £i(0i), A/i(0i) £ /C x since only <5i appears. 


It is clear that a solution of (13.291) gives a solution of (13.221) . 

Hence we solve the first equation in (13.291) finding a solution 0i and after that we solve the second 
equation in (13.291) finding also 0 2 with 0i = 0i- 


4. A LINEAR PROBLEM 

Let us consider the linear operator L : —»• AA such that 

A(0) = n x {0 - i* [/'([/ 5 )0 + A0]}. 

Next results states the invertibility of L and provides a uniform estimate on L-. 


(4.1) 


Proposition 4.1. Let N = 4, 5 and S as in (13.61) or (13.71) . 

Then, for any small 77 > 0, there exists C = C[rj) > 0 such that for all A sufficiently close to Ai, 
for any real number s\ £ (77, A) (or d\ £ ( rj , A )) and for any 0 £ AA it holds 

l|A(0)ll>GI0ll- 


Proof We argue by contradiction. Assume that there exists a small 77 > 0, a sequence (A„) n 
converging to Ai, a sequence of real numbers (s n ) n C ( 77 , A) (or (d„) n C ( 77 , A)) and a sequence 
of functions (0 n ) n C i7{(f2) such that for all n £ N 

0n £ AA and ||0„|| = 1 (4.2) 


and 


L(0„) = h n with ||/in|| — t 0 , as 77. —>■ +00. 

Since h n £ AA we get that there exist some real numbers c", j = 0,1 such that 

0n 7 [/ (/ / /d n )0n 4“ A n 0n] = + VJ n ill 


where w n = CqVZs^ + c"ei. 


(4.3) 

(4.4) 


Step 1: The first aim is to prove that: 


lim ||to n ||=0. 


(4.5) 
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To this end we multiply (Id.41) by 7 0 Z$ n and by e\ and we integrate by parts in deducing that 

(4>n,'PZsJ H u n ) - I f(Us n )4>n'PZ Sn dx - X n [ <j> n VZ Sn dx 
Jn Jn 


— (h n ,VZs n ) H i(fj) + CQ{VZs n ,VZs n ) H l(Q.) dx + Ci(ei,VZg n ) H i^ 


and 


(077) Cl )Hi (II) / f )0nl'l dx X n I (J) n G\ dx 
J Q J Q 

= (h n , ei) H i(n) + dS(VZ Sn , ei ) HUn) + c"(ei, ei)jji(n). 
We remark that since VZ$ n solves cup and 0 n G 1C ^ we have 

0 = { ( l ) n,'PZs n ) H i^ = f (JAs n )<t> n Zs n dx 


and 


(VZ Sn ,VZ Sn ) Hh{n) = [ \VVZ Sn \ 2 dx= [ f'(U Sn )Z Sn VZ Sn dx. 

Jn Jn 

Moreover since ei solves m 

{VZ Sn ,e 1 ) H i {Q) = [ Ve 1 V'PZ Sn dx = Xi ( e-iVZ Sn dx. 

Jn Jn 


and (since e\ £ /C^) 


Hence the equations become 


0 — (07 ii ci)Lfi(n) — Ai J 6i07i dx. 


Co f f'{U Sn )Zs„VZ Sn dx+%X 1 [ ei VZ Sn dx = - [ f{U Sn )<l>n(VZ Sn -Z Sn )dx 
jQ J Cl J Q, 

(II) 

A77 j 4 > nPZ^ n dx (hm'PZ$ n )H q (n) 

Jn '-„- 7 


:= 0 

since h 


and 


CqAi / e 1 VZ Sn dx+c^X 1 efdx = f {Us n )</> n ei dx - (h n , 

Jn Jn Jn --..—.—7 


(ii) 


in 

:=Dq>0 


:= 0 

since h n £ K. 1 - 


By definition of projection we have VZs n = Zg n — 05 n , where i/ign is an harmonic function and 
il>s n = Z$ n on dfl. Therefore, by elliptic estimates, it follows that there is a constant C > 0 

AT-4 

depending only on N and fl, such that |05„|oo,n < C5 n 2 (see also (ESP). 

Hence 

[ f'{U Sn )VZ Sn Z Sn dx= [ f'(U Sn )Z 2 Sri dx- [ f'{U 5n )^ Sn Z 5n dx 
J Q, J £1 J Q, 


Now 


[ f'(U Sn )Zl dx = < +1 C / 
Jn Jr 


(M 2 ~i) 2 

k iv (i + \y \ 2 ) N+2 


dy + 0(<5„ ) = A8 n 1 + o(l) as n —> +00 








SIGN-CHANGING BLOWING-UP SOL. FOR THE BREZIS-NIRENBERG PROB. IN DIM. N = 4, 5 


11 


where 


A-=a^[ 

■ N L{i + \y \ 2 ) N+2 y ' 


Moreover 

[ f'{U s M Sn Z Sn dx = S^~ 4 a p N ^-^H( 0 , 0 )/ 

JO z JR 

A 0 +O(<y if TV = 4 


1 |y| 2 J.. , xN—3\ 

' i in. w+4 dy + O(o n ) 

i w (1 + \y\ 2 ) 2 


where 


Therefore 


0 (S n ) 

„ TV - 2 , , r 

A) :=a p N ^—H( 0,0) / 
z Jr 


if TV = 5 

i-lz/l 2 


r n (1 + |y| 2 ) N ^ 4 


(I) = 


A5 ~ 2 - A + o(l) if TV = 4 

Hd" 2 + o(l) if TV = 5 


asno +oo. Moreover 


eiVZs n dx = eiZ$ n dx — / eiips n dx 


and now 


m" — S 2 , / ei 


eiZ^cfo = (5„ 2 / ei—- ” dx = 5 n 2 / dx + o(<$ w 2 ) 

i To (<5 2 + |a;| 2 )"T Jo Fr 


TV — 4 TV-4 


since 


= BSn 2 + o(S n 2 ) asn-> +oo 


B = ii ei l®P =?d:B “ l e il°°’ n X N^ rfa: 


and f Q dx is integrable in Q C 1^ with TV = 4,5. 

Moreover 


/ 

Jo 


TV — 2 

eiVt5„ dx = S n 2 a N —-— 


rr (r\ \ , I B 0 if TV = 4 

eiH(0, x)dx = \ o(1) . iN = 5 


:=B 0 


We then get 

f B-B 0 + o(l) if TV = 4 

( ^ | B6Z + o(l) if TV = 5 

Hence the equations become for TV = 4 

Co (^4 ^ A<5 2 + o(O) + c"Ar ((B - B 0 )6 2 n + o(S 2 n )) = -S 2 n f f , (U Sn )M'PZ 5n - Z Sn )dx 

Jo 

^---' 

(III) 


-(5„A n / cj) n VZ 5n dx 
Jo 


(7V) 
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and 


while for TV = 5 


Cg Ai (B - B 0 + o(l)) + c"AiD 0 = - [ f {Us n )(j> n e\ dx 

Jn 


and 

Cg Ai (B8l+o{ 1 )) + c™ AiTA 
Now by using (lT5lt we get that 

\{in)\ = -8i [ nusjMw 

Jn 

< 5l\VZ 5n - ^„| 7 2^_ i o|</>n| 7 2^_ i nl/ , ( w <5n)lf ,n = °( s l) 
since |</>„|_ 2 n < C'||</) n || lf i (n) = (7 and |/'(T4j|f ,n is bounded. 



(V) 

8 2 n [ /'{UsJM'PZs 

Jn 



(iii) 

5 2 nK 1 

i>nVZ Sn dx 

Jn 


(IV) 

- [ f'(Us n )<l>neidx 

Jn 



(V) 

- Zg n ) dx 



We remark that 


Hence we get 
Finally 


\\VZ S J 2 = f f'(U 5 n )VZ 5 n Z Sn dx< [ f'(U Sn )VZ 5 n Z Sn dx 
Jn Jn 

\{IV)\<C\<t> n \ 2 ,n\\VZ 5 n \\<Cd n . 


<C 5 ~' 


4 2 (TV-2) 

|(V)| < |ei|oo,n / = o(l) 

' N-2 N — 2 ’ 


/ft 


Then for TV = 4 


while for TV = 5 


Co - Ag# + 0 (52)) + c"Ai ((B - Bg)^ + 0(52)) = 0 (5„) 
Cg Ar (B - B 0 + o(l)) + cyAr^g = o(l) 

Cq (A + o(52)) + c^Ai (b 5£ + o(S 2 )^ = o(8 n ) 


[ Cg Ai (b<S* + 0 ( 1 )) + c?AiL >0 = o(l). 

In both cases the system is definitely non singular and hence it has a solution (cq,c") such that 
cj —> 0 as n —> + 00 . 
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Moreover Cg = o(S n ). Now we observe that 

(12) f (^S n ')4 J ri' t ^n dx X n I (f) n W n dx (h n , W n ) (Q) 

J Q, J Q 

= ~ c o [ f(Us ri )(l>n'PZs ri dx-c " [ f{Us n )(t> n ei dx + ((f> n ,w n ) H i, 

Jn Jn 

A n C 0 / tynPZ§ n dx AnCj I (f) n C\ dx {ll n -,1X)n)H 1 ( 

Jo Jn 


5 ( 0 ) 


5(0) 


Reasoning as before and using that Cq = o(<5 n ), c" = o(l) asn-> +oo we get that 


11 ^ 11 Him) — °(1) 


and the thesis easily follows. 

Step 2: Let 


_ N — 2 

<l>n(y)=Sn 2 <l>n(S n y). 


n r 


Then (j) n solves the problem 

- A(/) n - pU{y) p ~ x (\> n - X n 8n(j> n = S n 2 A(h n (6 n y) +w n (5 n y)) in (4.6) 

We point out that, since ||0 n || n is bounded, then <j> n converges weakly in D 1,2 (M Ar ), up to a 
subsequence, to some </>g. This means that 

/ X74> n V<p dx —> / V^oVtpda; as n —> +oo 

J J R N 

for any ip £ Cq°(R n ). 

By multiplying equation (14.61) by <p £ C'o°(K iV ) and integrating we get that 


/ f2 


f ~ f iv+2 r M n +2 r 

X7<fi n S7<p dx—p / U p ~ 1 (j) n (pdx—X n S^ l / (f> n ipdx = 6 n 2 / 2 / \ / w n \/pdx 


, n 
T7 


where h n (y) = h n {8 n y) and w n (y) = w n (5 n y ). So, as n —> +oo, by using also the results of Step 
1, we get that 4 >o solves the problem 

-A((>o = p |W(y)| p_1 4> 0 in R N 

and satisfies the condition 

/ V<(>o V Z dx = 0 


)s. N 


and hence <j >o = 0. 


Moreover also ||</ , n||_f/ 1 (o) is bounded and so, up to a subsequence, also (f> n converges weakly 
to some </>* in iJg(fl) and, as before, we get that, asn-> +oo, <f>* solves 

—A cf>* = Ai <f>* in f l 

with the condition 

/ VeiV(/>* dx = 0. 


Hence we get that </>* = 0. 
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Step 3 : We claim that ||0 n || = o(l). This immediately gives a contradiction since by as¬ 
sumption || fa || 2 = 1. To prove the claim we multiply by fa the equation (14.41) and we integrate 
obtaining 

II09T.II 2 = [ f'{U Sn )fa n dx + X n I fadx + {h n ,fa) H i 

Jn Jn 

= p f \U\ p ~ 1 fa dx + A„ [ fa dx + o(l) 

J -p- Jn 


fa is uniformly bounded in L N - 2 (R^) and converges to zero almost everywhere in 10 Hence 


fa converges weakly to zero in L N - 2 


Since U p 1 £ L 2 


, by definition, we get that 


P fadx = o(l). 


Moreover fa converges weakly to zero in Hq(Q) and then fa converges strongly to zero in L 2 (H) 
and then 


A 


n 


fadx 


o(l). 


At the end we get that ||0„|| = o(l). 


□ 


5. The reduction for TV = 4 

Here we estimate the error term 1Z\. The following result holds. 


Proposition 5.1. For any rj > 0, there exists eg > 0 and c > 0 such that for all e £ (0,eo), for 
all (s i,S 2 ) £ 1+ satisfying (13.81) . we have 


||70||<cee «. 


Proof. By continuity of n 2 -, by definition of i* and by using m, we deduce that 


II^aII < c\XPlAg + f(VUs — rei) — f(Ug) + t(A — A 1 )e 1 | 2 jv_ 


< 


c\f(VU s - ref) - f(VU s )\j^+c\f{VU 5 ) - f{U 5 )\j 2 N_ 


(-0 


( a ) 


T c\YPlA§ | 2 n T ct| A — Ai||ei| 2 n . 

1 1 AT + 2 1 ill J v + 2 


(5.1) 


(in) 


(IV) 


Let us fix rj > 0. We begin with estimating (/). 

Thanks to Lemma 13.31 there exists a positive constant c (depending only on p ) such that 


I fiVU s - rei) - f{VU s )\ < c(VU p 5 ~\e 1 + r p e\ + t 2 VU p 


~ 2 e\) 


(5.2) 
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Hence, we get 


< 


r 2 n 

/ | f(VUs - rei) - f(VU s )\dx 

Jn 

r f /•_ 1\/ 2 N \ 0 »r 2N (6 — N) 4 AT 

ci / VUg P ] 7rn) {re i)^ + (re 1 ) p+1 + _2)(,v+2) ef 73 da; 

if! L 

- da; + r p+1 [ e p+1 dz + \ ei \^~ 2 [ 

n (d 2 + |x| 2 )^T5 do do 


/ 2 AT -2iV_ /* A7sTf2 

< ca r^ldl ^ 2 ' 


N (6 — N) 
4 iV /* A AT + 2 

W_LQ I vy 


N (6 — N) 

n (^2 + | x | 2 )^v+^ 


< C 2 


< C 3 


2 AT 

T "^+2 | ei 


2N 

N+2 


4N 

A AT + 2 4Ar _4iV_ N (6 — N) 

■dx + T^e^ini + T^le^S^+r 1 


(i + lfl 2 ) 


4N 

2\ N+2 


I 2N (6 — N) 

lQ \ X \ N + 2 


dx 


dx 


I 


2 N N 4N 

T N+2§ N+2 


\ 


< c 3 


2N _ N (N — 2) 

T N + 2 fi N+2 


ln/s 


lR N 


( x + Idl 2 ) 


4N 
N + 2 


, _ . 1 JIL N(6-N) 

dy + t p+1 + t N + 2 5 N + 2 


(i + Idl 2 ) 

-fr p+1 + 2$ N n+2 ) j . 


4N 
N + 2 


, „ / - W ( W - 2 ) /’+ 00 

dy + O r«+ 2 d N + 2 / 

V di/i 


1/5 (l + r 2 )«+ 2 


dr 


since 


for N = 4. Hence, we have 


/ 2N (6 — N) 

In I a;I «+ 2 


da; < +oo 


|/(7 ? %-rei)-/(7 5 A 5 )|_2^_ < c (rd^ + t v + r 2 d^) . 
Recalling the choice of r and 6 (see (13.61) ), we deduce that 


(/) = \f(VUs — rei) — f{VUs)\_ 2 N_ < c ^ee e + e 3 e ' + ee < cee e (5.3) 


where c depends on rj (and also on H, N). 

In order to estimate (II), writing VU$ = U& — <ps, using (12.71) . (12.81) and the usual elementary 
inequalities, we get 


r / r AT f C 2N (6—N ) 4 jy \ 

/ |(PZ4) P dx < c( / |A 5 p_ V 5 |^+5 da; + / |/9«| p+1 da; + / U^ N+2)I ' N ~ 2) dx ) 
da Vda da da / 

dx + Iwlptl.a 


/ - N-2 2N 

< Cl d 2 77 +2 


4JV NI6-N) f 

+\<p S \^6^- / 

da 


d 2 

a V(<5 2 + M 2 ) 2 
1 


2N 

N+2 


2N (6 — N) 

n \ x \ n +2 


I 2N (N — 2) 

< C 2 5 N + 2 


I 4A7 

'a/5 (1 + |y| 2 ) «+ 2 


da; 


» r 2N (N — 2) , N(6 — N) 

dy + S N + d ^+ 2 + w +2 


(5.4) 
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We observe that for N = 4 we have that - 1 m £ L 1 (l w ), and hence we get that 

(l + | y | 2 )W+2 


2N(N-2) f 1 2N(N-2) f \ 2N(N-2 ) 

6 «+ 2 / - -j^dy = 5 «+= / --^dy + o(d ). 

Jn/5 (1 + |y| 2 ) w+2 J r w (1 _|_ |y|2) n+2 


Hence it follows that 


(II) 





2N 

N + 2 dx 


N+2 
2 N 


< c 3 {s N - 2 + 6^ +S N ~ 2+6 -^) 

< c 3 S N ~ 2 < c 4 ee““. 


(5.5) 


for all sufficiently small e. 

We now estimate ( III ). Since TWfa < Us we have: 


PW /+ 2 dx 


< 


< 


2N N(N-2) 

a ^ +2 6 N + 2 


N(N-2) 


/ N(N- 2) 

(<5 2 + |a:| 2 ) »+2 


I N (N — 2) 

'n M n+2 


da;. 


da; 


Since AT = 4 we have that — n}n- 2 ) is integrable near the origin and hence we deduce that 

H n+2 

, , - N-2 1 

(///) < cd 2 < cee e . 


Finally 

(/P) < ere < cee _7 . 

Putting together all these estimates we deduce that there exists a positive constant c = c(rj) > 
0 and eo = co(v) > 0 such that for all e £ (0, eo), for all (si, S 2 ) G R+ satisfying (13.81) 

II^aII < cee~i, 


and the proof is complete. 


□ 


5.1. Solving the equation (13.181) . We are now in position to find a solution $a £ /C - 1 of the 
equation (13.181) . namely we prove the following result. 

Proposition 5.2. Let N = 4, r and 5 as in (13.61) . 

Then, for any 77 > 0, there exists eo > 0 and c > 0 such that for all e £ (0, eo), for all (si, S 2 ) £ 
satisfying condition (EEL there exists a unique solution <f>A G 1C- 1 of the equation (13.181) . such 
that 

||$a|| < cee-i (5.6) 

Moreover $a is continuously differentiable with respect to (si,S 2 ). 

Proof. Let us fix rj > 0 and define the operator T : K. 1 - —> 1C 1 - as 

T($ a) ~-c- 1 {N(^ x ) + n x \. 

We remark that C is invertible by Pronosition l4.ll (C = L). 


In order to find a solution of the equation (13.181) we solve the fixed point problem T($a) = $a- 
Let us define the proper ball 


B e := {$a £ K 1 : ||3>a|| < r ee *} 
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for r > 0 sufficiently large. 

From Proposition 14.11 there exists eo = £o(i?) > 0 and c = c(rj) > 0 such that: 

||T($a)|| <c(||AA($ a )|| + ||^a||), (5.7) 

and 

I|T($a) - T(*x)\\ < c(||A 7($ a ) - A7(^ a )||), (5.8) 

for all $a, 4/a £ 1C 1 -, for all (si, S 2 ) £ R+ satisfying (|3.8D and for all e £ (0, eo). 

We begin with estimating the right hand side of m- 
Thanks to Proposition 15.II we have that 


II^aII < cee «, 

for all e £ (0, eo), for all (si, s 2 ) £ K+ satisfying (13.81) . Thus it remains only to estimate ||A/a(^a) 11- 
Thanks to m and the definition of Af\ we deduce: 


||A7($a)|| < c|/(m-re 1 + $A)-/(m-re 1 )-/ , (m-Te 1 )$A| 1 ^_ 

+\[f\VU s - rer) - f(VUs)\* a|^ + \[f{VU s ) - f(U s )}$x\ 

< c\VU p r 2 <5>l\j2N- +c\T p ~ 2 e p r 2 ^l\^N_ +c|$P|^ + c\T p ~ 1 e p ~ 1 ^x\^K. 

1 0 A1 AT+2 1 1 A ' N+2 1 A N+ 2 1 1 1 N+2 

+c|(re 1 F- 2 P%$A| 2 N +c|^- 1$ a| ™ + c\p p - 2 U s <S> x\ ™ (5.9) 


2N (6 — N) 

Now since p — 2 = we have (VU P ~ 2 ) N + 2 = Pt/ (5 (JV_2,<iV+2) 
Hence we get that 


2 N(6-N) 

< y(N-2)(N+2) 


N (6 — N) 

< c5 N + 2 





N+2 
2 N 


< 


< 


c 




N+2 
2 N 


ci <5 


N + 2 

/ r 4iV \ ~2N~ N 

(J*™dx j <c 2 S~— ||$a|| 2 . 


We observe that for N = 4, and thanks to the choice of 5 we have 


1$ 


All ^ 


< cee 


for all sufficiently small e. 

The remaining terms of (EH) are even simpler. In fact, it holds 


iV + 2 

/ f 2AT \ ~~2W 

[Jjreir^l) 7 ^ dx J 


< 


c 


2N(6-N) 
(N+2)(N-2) 


ei 


2N 
N + 2 



N + 2 
2N 


6 — N 

< C\T n ~ 2 




N + 2 
2 N 


< c 2 t^||$a|| 2 . 


Thanks to choice of r and <5 it is clear that t n - 2 ||4>a|| 2 < cee * 


Moreover 


|$a| Pwts dx 


N+2 

2N 


< c||d>> 


T p 1 e p 1 1 ^x\^n_<ct p 1 ||$a[| < ee ' ||^*a|| < cee 
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and for the other terms one can reason as before. 


It remains to prove that T : B t —> B e is a contraction. It is sufficient to estimate ||A/ r (^i) — 
Af( 02 )|| for any 0i, 0 2 £ B e . To this end by using Lemma ITTTdl we get 

||Af(0i)-Af(</» 2 )|| < c\f(V x + (j)i) - /(Pa + fa) ~ f'(V x )(<pi 

+1 [/'(Pa) - f\VU 5 )]|^ - <h \\^ + c\[f(VU s ) - 

< C \vr 2 \^i - h\ 2 \^ +cii^rVi -foW-^ 

+c\ft- 1 \<h - + c\\VUs\ p ~ 2 \Tei\\4)i - +c||Tei| p ^ 1 |<^i -fo\\_ 2 N_ 

+c\\Us\ P ~ 2 \‘P + cll^rVl - (f >2 11 -^A_ 

< e a ||^i-<^2|| 


for some a > 0 , for all sufficiently small e > 0 . 


At the end we get that there exists L £ (0,1) such that 

l|T(^2)-r(^2)|| <i||^-02||. 

Moreover in a standard way one can prove that the map is differentiable with respect to 
(si,S 2 ) (see [2]). The proof is complete. □ 


5.2. Estimates for the reduced functional. We are left now to solve (13.171) for N = 4. Let 
be the solution found in Proposition 15.21 Hence V\ + $> is a solution of our original 
problem CD if we can find s\ = (sia,S 2 a) which satisfies condition (13.811 and solves equation 

(ED - 

To this end we consider the reduced functional J\ : defined by: 

s 2 ) := Ja(Pa + $a), 


where J\ is the functional defined in CD- 

Our main goal is to show first that solving equation (13.171) is equivalent to finding critical points 
(si,Aj S2 ,a) of the reduced functional Ja(si, s 2 ) and then that the reduced functional has a critical 
point. 


Lemma 5.3. For any small 77 > 0 there exists eg > 0 such that for all A £ (Ai,Ai + eo) if 
(si,A; S 2 ,a) a critical point of J x and satisfies (13.81) . then V x + $a is a solution of CD- 


Proof. Let us fix a small 77 > 0 and let $a be the solution of the auxiliary equation (13.161) found 
in Proposition 15.21 By assumption (si,a^ 2 ,a) is a critical point of Ja(si,S 2 )- Hence 

VJa(si,a,s 2 ,a) = (d Sl J\ 1 d S2 J\) = (0,0). 


Then for j = 1,2 

0 = d Sj Ja = J' x (Pa + $a) [d aj Pa + d Sj $ A ] 

(Pa + $a - i* [/(Pa + $a) + A(P a + $a)] ,d Sj V x + d aj $ x ) Hi(n) 
^ (<$PZs + c$e i,d Sj V x + d aj $ x ) Hm 

solution of (13.161) 

(c^VZ s + c^ei, d Sl (VU s ) + d Sl ^x) H i (Q) for j = 1 

= < 

(c^VZs + c^ei,d S2 (-rei) + <9 Sl i> A ) ff i (n) for j = 2 
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for some Cp, € R. 

We shall prove that Cp, c* are equal to zero for A near Ai. 
Now we deduce that (recalling the choice of r) 

d S2 (—re i) = -e~ig'(s 2 )e i, 

while (recalling the choice of 6) that 

d Sl VUs =ee~*VZs. 


Hence, we get that 

0 = (cqVZs + c^ei,ee~-VZ 5 + d Sl ^\) i 

' ' Hq (^) 

= ee ‘Cq(VZs,VZs) h i^ + CQ(T , Zs,ds 1 ^x) H ^(Q) + ^ e Ci(ei,VZs) H ^(n) 

+Ci (ei, 9 Sl $A)ffi(n) (5.10) 


and 


0 = 


(cqVZ s + c^ei, -e ■ g'(s 2 )ei + < 9 S 2 $a) 


ffi(n) 


— e 5 , ( s 2)c 0 (P^a,ei) ff i( n ) + c 0 (P^, 9 S 2 $A) ff i(n) — e e 5 , ( s 2)c 1 (ei,ei) ff i( 0 ) 


:=Dq>0 


+ci (e i, 9 S 2 d>A)i/i 


(n) 


Now: 


(P^,ei) ff i(Q) = [ f'{U s )Z s eidx = p f U p s 1 Z s e 1 dx 

Jn J o 


P 

P a N 


n 

f l2/| 2 -l 

/ -- , iv + 4 ei(<fy)dy 

(i + \y\ 2 ) 2 


— Alp + o(l) 


where 


LliTWY iy - 


Moreover, we point out that, since $a €E K-^, it holds 

( e i, ^A)ni(n) = 0; (PZa, $A)ffi(n) = 0. 

These imply 


(ei,9 s .$A)ffi(n) — — (5 S ei, — 0 


and 


(pz s ,d aj * a) = -(9 Sj T2 { ,iA)nj (! i) = 


~(d Sl VZ s , ®\) H u n ) for j = 1 


0 


and 


for j = 2 

(a si pz 5 , #a)^ ( o) = 0 (11^^11 • M) = o(||5 sl p^||). 


(5.11) 


(5.12) 
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(VZ s ,VZs) H i (n) = f f'(U s )VZ s Z 5 dx 

J O 


6 2 (S 2 — |x| 2 ) 2 


J n (<5 2 + M 2 ) 6 

= B6~ 2 -B 0 + 0(S 2 ) 


dx — 


where 


Now 


and hence 


We have that 


B := 


[ (l-\y\ 2 ) 2 

k (1 + I2/I 2 ) 6 




Bn := 


[ S 2 (6 2 -\x\ 2 ) 
L (S 2 + |:r| 2 ) 4 

1 - \y \ 2 


l [>5 dx 


I* (1 + M 2 ) 4 


dy 


4,4- 2 c e-^~ !2 + 3 '^ 


d x (d Sl Z s ) = 24ee 


(<5 2 + |x| 2 ) 3 
iSxj(S 2 - \x\ 2 ) 


(S 2 + |x| 2 ) 4 
||d Sl Z 5 || 2 <c<T 2 . 


The equations (15.1111 . (15.1011 become 

c oOo + o(l)) + CjTo = 0 


Cg (B - B 0 S 2 + o(l)) + c^(A 0 S 2 + o(S 2 )) = 0 


(5.13) 


It follows easily that for all e sufficiently small, meaning for all A sufficiently near to Ai, the 
system (15.131) has only the trivial solution and the proof is now complete. 

□ 


Lemma 5.4. For any rj > 0 there exists eo > 0 such that for any e € (0, eo) it holds 

Jx(V x + $ x ) = J x (V x ) + o(ee-l) 

Proof. Let us fix rj > 0. By making some computations it follows that 

Jx(V x + ^x)-Jx(Vx) = \ ! |V$ A | 2 dx+ I VVxVQxdx-^ [ 4 > 2 A dx 

* Jci Jci * Jci 

-A f $xVx dx- I [F(Vx + $ A ) - F(V X )] dx, 
J n J n 


where we have set F(s) := ^yrl s l P+1 - Now 

\ £ |N74>a| 2 dx = i||i>A|| 2 = o(ee _ «) 

and 

\ [ ®\dx= < CH^aII 2 = o(ee“«). 

J Cl 

Moreover 

I VVaV$a dx= j S7{VU&-Tei)\7$xdx= f Ufl> x dx - rA, [ e^xdx 

J Cl J Cl J Cl J Cl 

V. v ✓ 

:=o since ^e/c 1 















SIGN-CHANGING BLOWING-UP SOL. FOR THE BREZIS-NIRENBERG PROB. IN DIM. N = 4, 5 


21 


and hence 


VVa V^xdx—X / &\V\dx= / U?$\dx—\ / $\VU$dx + \T / e\<& x dx 


:=o since Jjex: 1 


We estimate the second term and we get that 


A / VUs^xdx 


< 


A / dx 


A / dx 
Jn 


< C'||$a|| \Us\ 2 ^n + C , ||d>A|||<£>(s| 2 ,n = o(ee e ) 


since 


< c5\/log - = o(e 1 CT e «) 


for some er > 0. Finally, for the remaining terms, by using (13.1111 we deduce that 

f [F(Vx + *x)-F(Vx)-f(V x )*x] <c( f \V x \ p ~ 1 $ldx+ f \^ x \ p+1 dx" 

J $7 \J n Jq j 


-T||d.A|| 2 + ||l>> 


< c (\VU s \ 2 ,n\^ X \4,n + T|ei|2,n|d>A|4,fi + II$a|| 4 ) < c x ^logi||d> A || 2 
= o(ee _7 ). 

At the end by using (13.1311 we get that 
\[f(V x )-f(U s )]$xdx\ 

< ci ( [ \Us\ p ~ 2 (tp5 + Te 1 ) 2 |d > A | dx + [ \Us\ p ~ 1 \ifis+Tei\\^ x \dx+ j \tp s + Tei| p |i>A| dx 

Jn 


'n 


in 


< c 2 (|</>a +rei|^ 0 |W5| 2 |d , A|4 + \Us\ 2 \ 1 ps + rei| 4 |d>A|4 + |<Ps + r ei|^ 0 |d>A|4) = o(ee «) 


□ 


6. The reduction for TV = 5 
In this section we solve (13.291) . 

6.1. The auxiliary equation: solution of the system (13.291) . Let us define: 

5 


0 2 := 3. (6.1) 

In this section we solve system (13.291) . More precisely, the aim is to prove the following result. 


71 •= 4’ 


Proposition 6.1. Let N = 5, r and 5 as in (13.71) . Then, for any rj > 0, there exist eq > 0 and 
c > 0 such that for all e £ (0, eo), for all (cZi, rf 2 ) £ Ml satisfying (13.81) . there exists a unique 
</>i £ ICf solution of the first equation of (13.291) such that 

\\M <ce^ + T 

Moreover, fixing tfii = there exists a unique solution </> 2 £ Kf- of the second equation of (13.291) 
such that 

\\fa\\ <c^ + ", 

for some positive real number a whose choice depends only on TV. Furthermore, </>i depends only 
on di and it is continuously differentiable with respect to d\, (f >2 is continuously differentiable 
with respect to (di,<i 2 ). 
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In order to prove Proposition 16.11 let us first consider the linear operator 

£1 : Ki —► K{ 

defined as in (13.251) . 

Next result states the invertibility of the operator L\ and provides a uniform estimate on the 
inverse of the operator C\. 

Proposition 6.2. The linear operator C\ : — > 

constant depending only on N and fL 

Proof. Let us fix h £ JCf. We consider the problem 

—A cf) = Ai <f> + h 

0 = 0, 

Since h £ it is well known that (16.21) has a solution (j> £ (see [3], Theorem 0.7). 

Moreover it is elementary to see that the solution is unique in /C0. 

Hence by definition of n0 and i* it follows immediately that C±((f>) = h has a unique solution 
0 = (j){h) £ K*i , and from elliptic estimates we have ||0|| < c||/i||, which implies the boundedness 
of Cf 1 . The proof is complete. □ 

For the linear operator £2 we have the invertibility proved in Proposition 14.II 
At this point the strategy is to solve the first equation of (13.291) by a fixed point argument, 
finding a unique 0i and then, substituting 0 1 in the second equation of (13.2911 . we obtain an 
equation depending only on the variable 02- Hence, using again a fixed point argument, we solve 
the second equation of (13.291) uniquely. 

6.2. The solution of the first equation of (13.291) . The aim is to prove the following propo¬ 
sition. 

Proposition 6.3. Let N = 5 and t as in (E3>- Then, for any rj > 0, there exists eo > 0 and 
c > 0 such that for all e £ (0, eo), for all d\ £ M+ satisfying condition (13.81) for j = 1, there exists 
a unique solution 0i = 0i(di), 0 1 £ /C0 of the first equation in (13.291) which is continuously 
differentiable with respect to d\ and such that 

Il0i||< ce^+ CT , (6.3) 

where 6\ is defined in m and a is some positive real number whose choice depends only on N. 
In order to prove Proposition 16.31 we observe that: 

Proposition 6.4. It holds 

77i = 0. 

Proof. Let us fix r > 0. By linearity we have 72 .1 = tH0 {— e\ — i* [— Aei]}; hence 72i = 0 if and 
only if —ei — i* [—Aei] = cei for some c £ R. This is true, since, by definition of i* and ei, it 
holds —ei — i* [—Aei] = (—1 + xf)ei. The proof is complete. □ 

We are ready to prove Proposition 16.31 


K-i is invertible and IIT! 1 )! < c for some 


in fl, 
on dQ. 


( 6 . 2 ) 


Proof of Proposition 1 6.: 91 Let us fix > 0 and define 71 : /Cf Kf as 


7i(0i) ~£ 1 1 [A/i(0i)]. 
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Thanks to Proposition 16.41 it is clear that solving the first equation of (13.291) is equivalent to 
solving the fixed point equation 7i(0i) = 0i. 

Let us define the ball 

B 1>e := {0i £ 1C ± ; ||0i|| < r e^+"} C /C x 
with r > 0 sufficiently large and a > 0. 

We want to prove that, for e small, 7i is a contraction in the proper ball B i e , namely we want 
to prove that, for e sufficiently small 

(1) Ti(Bi, e ) C 

( 2 ) 11-7111 < 1 . 

By Proposition 16.21 we get: 

l|7i(0i)ll < c||A/i(0 1 )|| (6.4) 

and 

||Ti(0i)-Ti(0i)|| <c(||M(0i)-M(0i)||), (6.5) 

for all 0i, 0i £ /C0. Thanks to (13.11) and the definition of TV) we deduce that 

IIM(0i)|| < c|/(-rei + 0 i) - (Ai - A) 0 i| 7 2 «_, ( 6 . 6 ) 

and 

l|M(0i) -M(0i)|| < c|/(-rei +0i) - /(-rei + 0i) - (Ai - A)(0i - 0i)|^. (6.7) 

Now we estimate the right-hand term in (16.41) . 

By definition and thanks to Lemma 13.II we have the following: 

|/(-rei + 0i) - (Ai - A)0i| < c(r p |ei| + |0i| p + e|0i|). ( 6 . 8 ) 

Since |ei| < HeiHoo, = an< ^ l^il , 2iv = I0i| P 2w , from (16.81) and the Sobolev inequality 

we deduce the following: 

|/(—Tei + 0i) - (Ai - A) 0 i|_ 2 n_ < ci(t p + ||0i||^ + e||0i||). (6.9) 

Observe that since r = 0(e 3 / 4 ), p = | then t p = 0(e 7/ ' 4 ), in particular t p = o(e 6 * 1 / 2 ). Hence, 
thanks to (16.41) . Proposition ^. 41 (16.61) . (16.91) and since p > 1, there exist c > 0 and eo = £o(v) > 0 
such that 

Il0i|| < ce^ +ff =► ||Ti( 0 i)|| < ce^ +CT , 

for all e £ (0, eo), for all d\ £ K+ satisfying (13.81) (with j = 1), for some positive real number 
< 7 , whose choice depends only on N. In other words 7i maps the ball B i e into itself and (1) is 
proved. 

We want to show that 7i is a contraction. To do this for any 0i,0i £ B\ t we write 
|/(-rei + 0i) - /(—rei + 0i) - (Ai - A)(0i - 0i)| 

= l/(- re i + 0i + (0i - 0i)) - /(-rei + 0i) - /'(-rei + 0i)(0i - 0i) - (Ai - A)(0i - 0i)| 

By using Lemma HOI we get that 

|/(—rei + 0 i + ( 0 i - 0 i)) - /(-rei + 0 i) - /'(-rei + 0 i)( 0 i - 0 i)| 

< c (r p_ 2 |ei| p_ 2 | 0 i - 0 i| + | 0 i | p—1 + | 0 i| p_1 ) | 0 i - 0 i| 

< c (^- 2 ||ei||^ 2 |0i - 0i| + |0ir X + |0i| p - x ) |0i - 0i| 

< Cl (r P_2 |01 - 011 + |01 | P_1 + |0l| P_1 ) 101 - 011 


( 6 . 10 ) 
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By direct computation (p- 1)-^ = ( n- 2 )(n+ 2 ) > so > since rP 2 |0i~0i| "+ 2 > |0i| (p 1} ^+ 2 , |0i| (p 1} "+ 2 £ 
, \(j>i — £ l,p and i = _1_ _|_ by Holder inequality, we get that 

\{{r p - 2 \fa - ipi\ + i<^ii p_i + iV’ir -1 ) (</>i - 0i) 1 2N 

1 v ' 1 w_lo 

2N 

|0i — 0i I (L- 

N —2 

= C (tP- 2 \^ - 0i| «r + I0l|^ + 1011 v) I01-00 2 JV. (6.11) 

\ iV- 2 N — 2 N — 2 J N ~ 2 

We point out that since 

Hence by (16.511 . (16.711 . (16.1011 . (16.1111 and Sobolev inequality we get that there exists L £ (0,1) 
such that 

II0iII < ce^ +ff , ||0i|| < ce^+" =► ||Ti(0i) - 71(01)11 < L||0i - 0i||. 

Hence by the Contraction Mapping Theorem we can uniquely solve 7i(0i) = 0i in B\ e . We 
denote by 0 1 6 B\ e this solution. A standard argument shows that d\ —> 0i(di) is a (W-map 
(see also [571). The proof is then concluded. □ 

Remark 6.5. Let us fix a small iq > 0. We observe that if <f >i is the fixed, point of 7i in 
Bi e found in the previous proposition, then, by using the estimate m , taking into account 
that || 0 i|| < ce 5 / 8 and by making elementary computations, we get that || 0 i|| < ct 1+t , for all 
0 < 7 < for all e sufficiently small, for all d\ £ ( 77 , ^). 

6.3. The solution of the second equation of (13.291) . The aim of this section is to prove the 
following result: 

Proposition 6.6. Let N = 5, t and 6 as in (13.71) . Let 0i £ /C0 be the solution of the first 
equation in (13.2911 found in Proposition 16.51 

Then, for any 77 > 0, there exists eo > 0 and c > 0 such that for all e £ (0, eo), f or oM ( d \, d 2 ) £ R+ 
satisfying condition (13.81) . there exists a unique solution 02 £ /C x of the second equation in (13.291) . 
such that 

110211 < ce^ +CT , ( 6 . 12 ) 

where 62 is defined in eu and a is some positive real number depending only on N. Moreover 
02 is continuously differentiable with respect to (d\,d 2 ). 

In order to prove Proposition 16.61 we have to estimate the error term 1Z 2 defined in (13.2411 . It 
holds the following result. 

Proposition 6.7. For any 77 > 0, there exists eo > 0 and c > 0 such that for all e £ (0, eo), for 
all (di,d 2 ) £ R+ satisfying (13.81) . we have 

\\n 2 \\<ce^+”, 


< 


( rP - 2 | 0 1 - 0 1 |^+| 0 1 |^ 2 +| 0r|~ N 2 

N-2 2 N-2 


2 N 
N + 2 


N+2 
N-2 -1 ~2W 


for some positive real number a, whose choice depends only on N . 
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Proof. By continuity of 11^ and by definition of i*, using (MD, we deduce that 


M < c\XPU s + f(VU&-Te{)-f{Us)\*!L. 


< 


c\f(VUg 


rei) - f {VUs)\_£N_ + c\f(VUg) - f(Ug )| 

-v--' '-v- 

(I) (II) 


+ cXYPUg I 2 n . 

1 1 N + 2 

(III) 

Let us fix r] > 0. Reasoning as in the proof of Proposition 15. 1 1 we get that 


(6.13) 


(I) = \f(TUg - rei) - f(VU & )\_ 2 N_ < c (rd^ 2 + t p + t 2 5 6 . 

Recalling the choice of r and d (see (E3), we deduce that 


(I) = \f(VUg — rei) — f(fPUs)\_ 2 N_ < c 2 e l l + e l ''j < ce 2+a (6.14) 

where c depends on 77 (and also on f2, TV), <7 is some positive real number depending only on TV. 

In order to estimate (II), writing VUg = Ug — ipg, using (12.71) . (12.81) . and arguing as in (15. 41) . 
we get 


2TV / 2TV (TV — 2) 

|(PW, 5 ) P -W£|^ dx < c 2 <5 *+3 


We observe that for TV = 5 we have that 

1 


I 4 TV 

'£2/<5 (1 + |2/| 2 )7V+2 


, r 2TV (TV — 2) . TV (6 — TV) 

dy + d w + d w + 2 + 


1 ^ 7 -] 

- ~TiV~ fc X2 

(l + | y |2)T7+2 


2N(N-2) 

S N + 2 


Jn/s (1 + lyl 2 ) 17 ^ 
Hence it follows that 


2TV (TV —2) 

an- dy = 5 «+ 2 


1 


(l+|y|2)W+2 


, and hence we get that 

2TV(TV —2) 

4 iw dy + o(d w + 2 ). 


TV +2 

(//) = Qf lOPT^f -Z/£|^ dx) ^ < c 3 (d^ 2 + d^ 2 + 5 n - 2+5 ^ 

< c 4 5 N ~ 2 < c 5 e% +a . 


(6.15) 


(6.16) 


for all sufficiently small e, for some positive a depending only on TV. 
It remains to estimate (III). Since VUg < Ug we have: 


2N 

vu jt-2 


2TV TV(TV —2) 

dx < a^S *+ 2 


I N (N — 2) 

In M iV+2 


dx. 


Since TV = 5 we have that — n(n- 2 ) is integrable near the origin and hence we deduce that 

|x| N + 2 

TV —2 

(III) < c e5~—. Thanks to the choice d, by an elementary computation, we get that: 


(III) <ceK ce^ +a , 


for all sufficiently small e, for some positive a depending only on TV. 

Finally, putting together all these estimates we deduce that there exists a positive constant 
c = c(rj) > 0 and e 0 = eo (v) > 0 such that for all e £ (0,eo), for all (d 4 ,d 2 ) £ R+ satisfying (13.81) 

\\n 2 \\<c^+°, 

for some positive real number a (whose choice depends only on TV). The proof is complete. □ 




















SIGN-CHANGING BLOWING-UP SOL. FOR THE BREZIS-NIRENBERG PROB. IN DIM. N = 4, 5 


26 


We are now in position to prove Proposition 16.61 


proof of Proposition 1 6 . 61 Let us fix rj > 0 and define the operator 7-2 :/C x —> /C x as 

72(02) := —C 2 1 [Wi(0i,02) + ^2], 

where 0i G /C0 nBi |C be the unique solution of the first equation of (13.2911 found in Proposition 

16.31 

In order to find a solution of the second equation of (13.2911 we solve the fixed point problem 
72(02) = 02- Let us define the proper ball 

B 2 ,e ■= {02 e AC X : ||021| < r e^ +<T } 
for r > 0 sufficiently large and er > 0 to be chosen later. 

From ProDQsition l4.il there exist eo = 60(77) > 0 and c = c(rf) > 0 such that: 

l|T 2 (02)|| <c(||Ar 2 (0 1 ,0 2 )|| + ||77 2 ||), (6.17) 

and 

l|T 2 (0 2 ) - 7^(0 2 )|| < c(||A7 2 (0i,0 2 ) - W 2 (0i,0 2 )||), (6.18) 

for all 0 2 ,0 2 G /C x , for all (di,d 2 ) £ R 2 satisfying (13.81) and for all e G (0,eo)- 
We begin with estimating the right hand side of (16.171) . 

Thanks to Proposition 16.71 we have that 

M 

for all e G (0,eo), for all (c?i,d 2 ) G satisfying (13.81) . Thus it remains only to estimate 
||A/" 2 (0i, 0 2 )11. Thanks to (13.11) and the definition of W 2 we have: 

11^(01,02)11 < c\f(VUs — rei + 0i + 0 2 ) — f'(Us)<t >2 — /(—rei + 0i) — / ifPU$ — rei))\_ 2 N _. (6.19) 
We estimate the right-hand side of (16.191) : 

\f{VU s - re 1 + 0i + 0 2 ) - /'(Z4)0 2 - /(-rei + 0i) - /(£% - rei))|_2N_ 

< \fiVUs - rei + 0i + 0 2 ) - /(£% - rei + 0i) - f'{VU s - re 1 + 00021^ 

+ |/(P% - rei + 0i) - f{PU s - rei) - /'(P% - rei)0i| 

7V + 2 

+ |[/'(7>Z/ S - rei + 0i) - /'(PZ/ 4 - Tei)]0 2 |_2N_ 

+ 1 [f\ru s - rei) - /'(m)]0 2 1 ^ + |[/W) - m)]0 2 1 

+ |[-/(-Tei + 0i) + /(-rei) + / , (-rei)0i| i 2«_ 

+ |/'(-Tei)0i|_2«_ + | [/'(£% - rei) - /'(-Tei)]0i|_2^_. 

In order to estimate these terms, by Lemma 13.21 and Lemma 13.31 we deduce that: 
|/CPW 5 -Tei+0i+02)-/(PW 5 -Tei+0i)-/ , (:P%-Tei+0i)02| < c(|7 ? %-rei+0i| p_2 02+|0 2 n, 

\f(VU 5 - re 1 + 0i) - f(TU s - rei) - f'(VU s - rei)0i| < c(|P% - Tei| p " 2 0? + |0i| p ), 


|[}'(VUs - re 1 + 0i) - f{VUs - rei)]0 2 | < c(\VU s - rei| p 2 |0i||0 2 | + |0i| p 1 1<^21), 










SIGN-CHANGING BLOWING-UP SOL. FOR THE BREZIS-NIRENBERG PROB. IN DIM. N = 4, 5 


27 


I f'(VU s ~ re 0 - f(VUs)]<h\ < c(|P%r 2 |T ei ||^ 2 | + |*re 1 |*’- 1 |0 2 |), 

I f\vu s ) - f(Us)\<h\ < cm p ~ 2 \<ps\\<h\ + IwMfcl), 

I - f(~re i + <j> i) + /(—rei) + /'(-rei)^i| < c (|rei| p_2 |^i| 2 + |<^i| p ) , 

\[f{VU s - rei) - /'(-rei)]^i| < c(|P%| p_2 |rei||^i| + |Tei| p_1 |^i|). (6.20) 


Now we have to estimate the L N + 2 -norm of every term. We give a detailed proof of the first 
two terms; for the remaining ones the proof is similar. 


By the triangular inequality and Lemma ld.il it holds 

I VU S - rer + ^\ p ~ 2 4> 2 2 + < \VU S \ P ~ 2 ^ 2 + Ire^cfc + \fa\ p ~ 2 ^ + |</» 2 | p . (6.21) 


2N(6-N) 


2N (6 — N) 


Since p — 2 = we have (VU P 2 ) w + 2 = VUg N 2)(N+2) < Ug N 2,(JV+2) < cS "+ 2 5 . Hence, 
by the previous estimate and thanks to the Sobolev inequality, we get that 


2 N 

VlQ~ 2 4>^j N+2 dx 


N + 2 
2iV 


< 


r-ATS 


4JV 

i>2 +2 


dx 


N+2 
2 N 


< ci 5 


4 N 

bF~ 2 


dx 


N+2 
2 N 


< C 2 S 2 ||^ 2 || 2 - 

We observe that for N = 5, and thanks to the choice of 6 we have 


<5 2 Il'MI 2 — ce 22 e 3 <ce 2+CT , 

for all sufficiently small e. 

The remaining terms of (16.211) are even simpler. In fact, it holds 


(Irerr 2 ^ 2 )^ dx 


N+2 

2N 


2N (6 — N) 


2 N 

< cl T (N+2)(N-2) ||gi H^ 2 


4N 


dx 


6 — N 

< C\T N ~ 2 


4 N 

)^ +2 dx 


N+2 

2N 


< c 2 t— \\(j) 2 \\ 2 . 

Thanks to choice of r and 6 it is clear that t n ~ 2 ||<)> 2 || 2 < ce~^ +a . 

For the third term, applying Holder inequality and Sobolev inequality we have 


0 ^ r 2 </> 2 )-+ 2 dx 


N + 2 
2N 


< c\\M p - 2 \\h\\ 2 , 
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and it is clear that ||^i|| p_2 ||02|| 2 < ce~? +CT . Finally, since • P = P + 1 by the Sobolev 
inequality we get that 

N + 2 

dx y N < c \\<h\\ p , 

and the estimate of the first term is done. For the second term of (16.2011 . reasoning as in (16.211) . 
we get that 

\f{VUs - r ei + - f{VU s - tci) - f'(VU s - re^i\ < c (\VU s \ p ~m + |r ei | p - 2 ^ + |<^| p ). 

( 6 . 22 ) 

As be before we have 

AT + 2 

( C 2N \ 2 N 

J^(vu%~ 2 4>l^ N+2 dx ^) - cd-^Wfa || 2 . 

Thanks to the choice of <5 and since </> £ B i e , then, for all sufficiently small e, we have 



_ n — r\ 

This estimate is trivially true for ||Tei| p </>f|_ 2 jv_, let us check the estimate of the L w + 2 -norm 
of the last term of (16.221) . As before we have 

1V + 2 

dx ) 2N - c|l ^ ir 

and for all small e we have || 0 i[| p < ceii < ce~^ +cr . 

The same techniques used so far apply to the other remaining estimates, we limit ourselves to 
checking the lowest order term. 

Thanks to Holder and Sobolev inequalities we have 

\PU p - 2 Te 1 (j)i\ 2N < c\PUs\ 2 N T|ei|oo||0i|l 

1 1 AT + 2 N ~ 2 

and thanks to the choice of r and since </>i £ B\ e we have 

I^^I^TlIeillooll^iH < ce^ei < ce^ +a . 

It remains to prove that T 2 ■ -B 2e —► B 2 , e is a contraction. Thanks to (16.181) it suffices to 
estimate HA/ 2 (<^ 1 , <^ 2 ) — A/ 2 (<^ 1 , ^ 2 )|| for any ^ 2,^2 £ B 2 ,e- To this end, thanks to (13.11) . the 
definition of M 2 we have: 

||A/' 2 (^i,^2)-A/' 2 (0i,'i/>2)|| < c\f (VU8-Tei+(j) 1 +(t>2)-f {VUs-Tei+ 4 >i-\- 4 > 2 )-f {Us){(t)2-i>2)\^N_, 

then, reasoning as in the proof of Proposition 16.31 we get that 

||A/ 2 (^i, </> 2 ) — A/ 2 (^i,'02)|| < e a \\(j) 2 - V»2||, (6-23) 

for some a > 0 , for all sufficiently small e > 0 . 

At the end, thanks to (16.181) and (16.231) . we get that there exists L £ (0,1) such that 

\\T2(<h)-T2(ih)\\<L\\<h-'hl 

The proof is complete. □ 


Putting together Proposition 16.31 and 16.61 we get the proof of Proposition 16.II 
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Remark 6 . 8 . Let us fix a small 77 > 0. We observe that the fixed point 4 >2 of T 2 in - 82,0 found 
in Provosition 1 6 . 61 verifies ||4|| < ce 3 / 2 , hence, by definition we get that ||4|| < ct 1+7 ; for all 
0 < 7 < |, for all e sufficiently small, for all (d\,dfi) £ ( 77 , i) x ( 77 , i). 

6.4. Estimates for the reduced functional. We are left now to solve (13.171) . Let (<j> 1 ,^ 2 ) £ 
/C] 1 x K, 1 - be the solution found in Pronosition l 6 .il Hence V\ + <pi +f>2 is a solution of our original 
problem m if we can find d\ = (di\,d 2 \) which satisfies condition (13.81) and solves equation 
(13T71) . 

To this end we consider the reduced functional J\ : R+ —> R defined by: 

Mdi, df) := J\(V\ + <pi + $ 2 ), 
where J\ is the functional defined in & 

Our main goal is to show first that solving equation (13.171) is equivalent to finding critical points 
{di t x, c? 2 ,a) of the reduced functional J\(d\, g? 2 ) and then that the reduced functional has a critical 
point. 


Lemma 6.9. For any small 77 > 0 there exists eo > 0 such that for all A £ (Ai — eo,Ai) */ 
(4 a>4*) Is a critical point of J\ and satisfies (13.81) . then V\ + $a is a solution of (ED- 

Proof. Let us fix a small 77 > 0 and let $ A = f>i + 4>2 be the solution of the auxiliary equation 
(13.161) . found Proposition l 6 .ll By assumption (di jA , cZ 2 ,a) is a critical point of J\{d\,d 2 ). Hence 

VJ a (Ji, a ,4a) = (d dl J\, dd 2 J\) = ( 0 , 0 ). 

' ' \ (A . . A- . A 


Then for j = 1, 2 

0 


I ( d l,A , d 2,X ) 

ddj J\ = J\(V\ + $a )[dd j V\ + d dj &x\ 

(V\ + $ A — i* [f(V\ + $ A ) + A(Va + *a)] 1 + ddj&x) H i^ 

(cq VZ 5 + Ci ei, d dj Va + d dj $a) h i , 


solution of (13.161) 


'Him 

(c$VZ 5 + c$ei,d dl (-Tei) + d dl $ x) H i^ Q) 
(cqVZ$ + c*e 1 , d d2 (VUs) + d d2 & x) H i^ 

for some cj), £ R. 

We shall prove that cj), are equal to zero for A near Ai. Let e = Ai — A. 
Now we deduce that (recalling that t = e 3 c?i) 

d dl (-Te 1 ) = —e4i, 

while (recalling that <5 = e^d^) we get that 


for j = 1 
for j = 2 


d d2 VU s = e*PZ s . 


Hence 

0 


-\-c'fe\,~e 4 e\ + d dl ^x\ i 
^ H 0 (tl) 

— £ 4 Cq(VZs, ei) ff i(Q) + Cq(VZ 5, d dl <tx)Hi(n) ~ £4c i ( e i ; e i)wi(n) 
+Ci(ei,d dl <&x)Hi(n) 


(6.24) 
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and 


0 — (^CqVZs + Ciei,e 2 VZs + dd 2 &\^ 


Hi(O) 


Now: 


— e*c 0 (VZ 5 ,VZs) Hhia) + c o {'P^s, 9d 2 ^x)H^(Q) + £2 c i ( e i,PZs) H l 

+ c i ( e i> ^ 2 ^>a)h1(o) 


= [ f'(Us)Zgeidx =p f U v & 1 Z s e 1 dx 

J o Jo 


(O) 


(6.25) 


= pa p N S 2 


p f \y\ 2 - 1 


w +4 ei(<fy) dy 

f (! + M 2 ) 2 


,N -4 JV—4 


where 


= A 0 <T 2 + o(<5 2 ) 

M 2 -i 


A 0 := pa^ei(O) / 
Jr 


/I I io\ i^±i 

r n (1 + \y \ 2 ) 2 


By using (1331) we get 

C PZs,PZs) H i (q) = J 


f(Us)Z s VZs,dx 

f'(U s )Zjdx- f f (Us)Zsips dx 
Jo 


( N 2 -^ 2 ) 2 

/n (^ 2 + M 2 )^ 2 
= B 0 S~ 2 + 0(S N ~ 4 ) 


Jo 


dx + O (<5 2 IV’sU.o J 


-5 2 


o (<5 2 + |x| 2 ) N ^ 4 


dx 


where 


B 0 := pa p N / 

JR' 


-l) 2 


■ dy. 


/R~ (1 + Idl 2 )^ 2 

Secondly, we point out that, since $a £ /C 2 -, it holds 

(ei, $A)i/i(o) = 0; (PZs, ^A)ifi(o) = 0- 

These imply 

(ei, 9d 3 l’A)ffi(o) = — (^.ei, $a)h 1 (o) = 0 

and 

and 
Now, since 

\\d d 2 rzs\\ = o(\\d d 2 z s \\), 

by making some computations and using the fact that N = 5, we get that 

W- 52 


(vz s ,d dj $ a) = ~(d dj rz 5 , $a) = 


0 for j = 1 

-(d d2 VZ s , ^a)h 0 i(o) for i = 2 

(c^PZ^a^q) = 0(119*^11 • ||$a||) = o(\\d d2 VZs\\). 


(<5 2 + |x| 2 )i 2 2 (d 2 + |x| 2 )i 
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Hence 


\\d d2 Z 5 f = [ 

J n 


(5|a 


a (<5 2 + M 2 ) 7 

o< 


35<5 


2l a '| 2 ^ i ol™|2' 


S 2 + \x\ 2 2 


+ -d^(76 2 -3\x\ 2 ) 


dx 


= CoS- 2 + 0(6 ) 


where 


Co := 


\y? 


m 'r++ + \ d ~- H7 - 3W ' 2) 


i 2 


Ir n (i + M 2 ) 7 

and hence 

(dd 2 'PZs 1 §\)hI{Q) = °(6 *)■ 

The equations (16.241) . (16.251) become 

c£(H 0 ei J 2 , a + 0(e 2 )) + eic^D = 0 

Cg (H 0 J 2 A + o(l)) + cl(Aod 2 ,\e* + 0(es 4 ) = 0 


dy 


(6.26) 


Since (d\^\,d 2 ^\) satisfies (15.81) . it follows easily that for e sufficiently small, the system (16.261) 
has only the trivial solution and the proof is now complete. □ 


We prove a technical result on the behavior of the L°°-norm of <f>i. After that, we prove two 
lemmas about the ^-expansion of the reduced functional J t (d\, d 2 ) := J e (V\ + (j) 1 + <f> 2 ), where 
(f> 1 £ ICfi D and fi 2 £ /(A D B 2i6 are the functions given by Proposition 16.II 

Lemma 6.10. Let p be a small positive number and 1 £ ICf be the solution of the first equation 
in (18.291) . found in Provosition 1 6. ,91 . Then, up to a subsequence, as e —> 0, we have 

|0l|oo —> 0, 

uniformly with respect to d\ such that r] < d\ < A 

Proof. Let us fix a small rj > 0 and remember that r = c?ie^, where d\ £]ry, - [ . We observe that 
by definition, since £ JCf solves the first equation of (13.291) . then, for all e sufficiently small, 
for all di £]?y, ^[, there exists a constant c e = c e (d±) such that weakly solves 

- Afii = (Ai - e)^i + /(—rei + fii) - Aic e ei. (6.27) 

Testing (16.271) with ei, and taking into account that £ ICf, we deduce that c e —>• 0, as 
e —> 0, uniformly with respect to d\ G]rj, ^[. 

We observe that <j>\ is a classical solution of (16.271) . This comes from standard elliptic regularity 
theory, the application of a well-known lemma by Brezis and Kato, taking into account that 
(j)\ £ -ffg(H) weakly solves (16.271) and the smoothness of ei, f. 


We consider the quantity sup^^ ir |<5i|oo, which is defined for all e £ (0,eo), where eo > 0 is 
given by Proposition 16.31 We want to prove that 

lim sup | <Hoo = 0. (6.28) 

e ^ 0+ die]T7,i[ 

In order to prove (16.281) we argue by contradiction. Assume that (I6.28|) is false. Then, there 
exists a positive number m £ R + , a sequence (ek)k C R + , e*, —> 0 as k —> + 00 , such that 

sup |<Moo > m, 

rfl e]77,i[ 


(6.29) 
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for any k € N, where we have set pi t k := pi{e kl di) € We observe that (16.291) contemplates 

the possibility that sup dl£ j ?7i 1 j l^i^loo = +oo. From (16.291) . for any k £ N, thanks to the 
definition of sup, we get that there exists d\^ k £]?y, -[ such that 

— 777 , 

| 01,/c loo (dl.fc ) ^ • 

Hence, if we consider the sequence (|</>i,fc|oo(di,fc)) fe , then, up to a subsequence, as k —> +oo, 
there are only two possibilities: 

(a) : |<^i,fc|oo(di,fc) — > +oo; 

(b) : |0i,fe|oo(di,fe) ->• l, for some l > f > 0. 

We will show that (a) and (b) cannot happen. 


Assume (a). We point out that, since 77 > 0 is fixed, then, d\ tk £]? 7 , y [ for all k , in particular 
this sequence stays definitely away from 0 and from + 00 . Hence, in order to simplify the notation 
of this proof, we omit the dependence from di in 0i,fc(c?i,fe), c ek {d\ t k) and thus we simply write 
pi t k, c ek . In particular, we observe that, for any fixed k. p is a function depending only on 
the space variable x £ fi. 

Then, for any k £ N, let £ fl such that |^i,fe(afc)| = \4>i,k\oo and set Mk := |^i,fc|oo- We 
consider the rescaled function 


PiAv) 




P 


2 

N - 2’ 


_ 2 

defined for y £ Pl k := M fc " -2 (f2 — a k ). Moreover let us set ei >k (y) 


M k 


ei \a k + 


M: 


Ti- 

N - 2 


3 ^ 

Tfe := di,fc£fe • It is clear that HeyfcH^ —> 0, r k —> 0, as k —> + 00 . By elementary computations 

we see that pi >k solves 


{ Ap\ 4 Pl,k T / ( TkG-i^k T Pi ,fc) '4 in 

M fc ^ _ (6-30) 

pi,k = 0 , on dn k 

Let us denote by n the limit domain of fife. Since we are assuming (a) we have M k —> +oo, 
as k —> + 00 , and hence n is the whole or an half-space. Moreover, since the family {pi, k )k 
is uniformly bounded and solves (16.301) . then, by the same proof of Lemma 2.2 of [TT], we get 
that 0 £ n (in particular 0 ^ cdl), and, by standard elliptic theory, it follows that, up to a 
subsequence, as k —> +oo, we have that pi tk converges in Cf oc ( n) to a function w which satisfies 


— Aw = f(w) in n, u;(0) = 1 (or w( 0) = —1), |u>| < 1 in n, w = 0 on cdl. (6.31) 

We observe that, thanks to the definition of the chosen rescaling, by elementary computations 

~ - - —+ 0 - 

(see Lemma 2 of [30]), it holds ||0i,fe||— = ||<(>i,fe[ln- Now, since ||<(>i,fc|| < ce fc 2 , where c depends 
only on rj and a is some positive number (see Proposition 16.31) . we have = ||^i ->• 0, 

* ‘•k 

as k —> +oo. Hence, since p± yk —> w in C ; 2 oc (n), by Fatou’s lemma, it follows that 

IMIn ^ liminf \\pi, fell I = 0. 

fe->+oo 


(6.32) 












SIGN-CHANGING BLOWING-UP SOL. FOR THE BREZIS-NIRENBERG PROB. IN DIM. N = 4, 5 


33 


Therefore, since || n = 0 and w is smooth, it follows that w is constant, and from w(0) = 1 
(or w( 0) = —1) we get that w = 1 (or w = —1) in II. But, since w is constant and solves 
—Aw = f(w) in II, then necessarily /( w) = 0 in II, and hence w must be the null function, but 
this contradicts w = 1 (or w = — 1 ). 

Assume (b). We use the same convention on the notation as in previous case. Then {4>\ t k)k is 
uniformly bounded, in particular there exist two positive constants Ci,C 2 such that for all k £ N 
it holds 

ci < |<iA,fc|oo < c 2 . (6.33) 

By definition, (fi.k solves 


— A(pi,k — (Ai — ek)4>i,k + /( — Tfee i + (f>i i fc) — Aic £fc ei. 


(6.34) 


Hence, by standard elliptic theory, it follows that, up to a subsequence, 4>\,k converges in C 2 oc (I2) 
to a function w which satisfies 


—Aw = Ai w + f(w ) in 52, 
w = 0 on 952. 


(6.35) 


Now, since ||</>i,fc|| < ce fe 2 , where c > 0 depends only on rj and —> w in Cf oc (Q), then, by 

Fatou’s Lemma and Sobolev inequality we have that 


|w| P +i < liminf | 0 i jfc | p+ i = 0 , 

fc—»■+OO 


thus, since w is smooth, it follows that w = 0. But, if Ofc £ H is such that |</>i,fc|oo = </>i,fc(ofc), by 
slightly modifications to the proof of Lemma 2.2 of mi we have that d(ak, <9f l) 0 as k —> +oo. 
Hence, this fact, 4>i —> w in Cf oc (0) and w = 0 contradict (16.331) . 

Alternatively, assuming that 952 is of class C 2 ’ a , for some a £ (0,1), without using the 
arguments of Lemma 2.2 in m, but using standard elliptic regularity theory and Lemma 6.36 
in Ezj, since 4>i,k is uniformly bounded, we get that, up to a subsequence <f> converges to w 
in C 2 (52), where w solves (16.351) . As before it holds w = 0 and hence we contradicts (16.331) . The 
proof is then concluded. 

□ 


Lemma 6.11. For any rj > 0 there exists eo > 0 such that for any e £ (0, to) it holds: 

Jx(V x + ^) = J x (V x ) + 0(e e ^) : 

with 

O{e 01+a ) = e 9l+a Mi(d\) + o (e 02 ) , (6.36) 

for some function M\ depending only on d± (and uniformly bounded with respect to e ), where 0 \, 0 2 
are defined in (ED, a is some positive real number (depending only on N). These expansion are 
C°-uniform with respect to (di,d 2 ) satisfying condition (13.81) . 

Proof. Let us fix 77 > 0. By direct computation we immediately see that 
J\{V X + <fi) - J X (V X ) = 5 f Q |V0i| 2 dx + f n VIA • V^i dx - | f n |0i | 2 dx - A/ n dx 


-^r/nd^+^r'-ivAr 1 )^. 


By definition we have 


(6.37) 


VIA ' V 0 i dx = / X7(VUs — rei)-S7(f>i dx = / (Uf — Xirei)(j>i dx = / [f(Us) — AireiJ^i dx, 


moreover, since F(s) = ^yrl s l P+1 a primitive of /, we can write (16.371) as 
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J\(V\ + (j) i) - J\iV\) = ^||0i|| 2 - f|(/>i|| - A/ n V\<j) 1 dz + / n [/(%-) - Airei ](/>1 da; 

= ^H0i|| 2 - |l0ili - A J n VUs4>i dx + (A - Ai) / n re i0i da; 

+ /„[/(««) - /(Va)]0 ! da; - / Q [F(y A + 0i) - E(U A ) - /(U A )0i] dx 


A + B + C + D + E + F. 


(6.38) 

A,B: Thanks to Proposition 16.11 for all sufficiently small e, we have ||0i|| < ce“^ +cr , for some 
c > 0 and for some a > 0 depending only on N. Hence we deduce that A = 0(e ei+2a ), 
B = 0(e 9l+2cr+1 ). We point out that, since only 0 1 is involved in A and B 1 these terms depend 
only on di. 

C: Thanks to Holder inequality, we have 


A J VUs\4>i\ dx < \\VUs\_ 2 N_\(t>i\_ 2 N_ 


For N — 5 we have that / - n(n— 2 ) di/ i® finite, so, it follows that 2 N , = 0(6 2 ). 

j K" (1 + \y\2) (N+2) N+2 

Hence, from our choice of 6 (see (13.71) 1 and since ||0i|| < ce^ +cr , we deduce that 

\C\ < ce(e 3 e* +a ) < ce e2+a , (6.39) 


for all sufficiently small e. 

D: First we observe that this term depends only on di, and hence it will suffice that it is of 
order 9\ + a. Since e = Ai — A, and thanks to the Holder and Sobolev inequalities, we have 


\D\<e [ rei|0i| dx < ceT||e 1 || oo ||0 1 ||. 
Jn 


Now, thanks to the choice of r and since 0i € B i >e we get that 

\D\ < ceei +a < ce 9l+cr , 

for all sufficiently small e. 

E: Using the definition of V e we write E as 

E = I lf(VUs) - f(VU s - rer)]0 1 dx + [ [f(U 5 ) - f(VU s )\h dx . 
Jn Jn 

h la 

Applying Holder and Sobolev inequalities it follows that 

\h\ < c| f(VU s ) - f(VU s - re 1 )| i 2 ¥j ||0 1 ||, 

\I 2 \<c\f(VUs)-f(U s )\^N_JM. 

By the same computations of (16.141) . (16.151) . (16.161) and since 0i £ Bi^ e we get that 

|/iI < ce 3 e^ +CT = ce e2+CT , 


(6.40) 


\I 2 \ < ceM +<T < ce 62+a 
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And we are done. 

F: Applying (13.111) we get that 

\f\ < cf OKr^+i^r 1 ) dx 

J n 

< c [ {VU } _ 1 0 2 + ( Te i) p ~ 1 ^'i + |0i| p+1 ) dx 
Jn 

= F\ + F2 + -F3. 

We begin with estimating F\. 

Now, applying Lemma 16.101 as e —> 0, we have 0i = o(l) in Cl. Hence, taking into account 
that f n yjp- dx is finite, we get that 


P TO 


VU P (f>\ dx < / Ug <j>\ dx < c . 

’ Jn Jn Fr 


dx = o I 6 


In FI' 


dx I = o( 0 2 ). 


At the end we have proved that F\ = f n VU P 1 0 2 dx = o(e £>2 ), for all sufficiently small e. 
For F 2 , thanks to the definition of r and since 0 1 G we have 

f (reif 1 ^ dx < r p_ 1 ||ei ||^ 1 [ 0 ? dx < c t p ~ 1 f |V^i | 2 dx < Cl e^e 2 ^ +a) < Cl e e2+a . 

J Q, J Q, JQ 

Finally, for F 3 , we have 

f | 0 i | p+1 dx < c\\M P+1 ^ CieT(t +cr ) < c\e 02+,J . 

Jn 


From (16.381) and A-F we conclude that 

Jx(V x + 0i) - J X (V X ) = e Sl+<T Mi(di) + o(e 02 ), 

for all sufficiently small e, for some function M\ depending only on di (and uniformly bounded 
with respect to e). The proof is complete. □ 

Lemma 6.12. For any 77 > 0 there exists eo > 0 such that for any e G (0, to) it holds: 

Jx(v x + 0 X + 0 2 ) = J X (V X + 0!) + O(0 2+CT ), 

C°-uniformly with respect to (di,d 2 ) satisfying condition (13.81) . for some positive real number a 
depending only on N. 

Proof. As we have seen in the proof of Lemma 16.111 by direct computation we get that 

JxiVx + 0i + 02 ) ^ <4(14 + 0i) = \ f n |V 02 1 2 dx + f Q V(V x + 0i) • V 02 dx 

-f In 1021 2 da; - Xf n (V x + 0i)0 2 dx - ^ J n (|14 + 0 X + 0 2 | p+1 - |f4 + 0i| p+1 ) dx 
= ~ ^ 11 02 11 2 + ^ 102 1 2 + fn V (14 + 01 + 02) • V02 dx 
-A fn( Vx + 0i + 0202 dx - f n /(14 + 0i)02 da; 

- / n [F(14 + 01 + 02) - F( 14 + 0i) - /(14 + 0i)02] da; 

(6.41) 

Since 0i + 0 2 is a solution of (13.161) we have 


n X {V4 + 01 + 02 - **[A(14 + 01 + 02) + f(Vx + 0! + 0 2 )]} = 0 , 
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hence, for some if £ /C, we get that V\ + <j)\ + & weakly solves 

A(Va + 4>1 + 4> 2 ) + - [(Ai - e)(V\ + 4>i + (f> 2 ) + f(V\ + 4>i + <j> 2 )\ = 0. (6.42) 

Choosing 4> 2 as test function, since <f >2 £ K,^, if £ K, we deduce that 


V(Va + </ , i + 02)-V<^2 dx-(Xi-e) / {Vx + 4>i + <l> 2 )<t >2 dx = / f{V x + 4>i + (t> 2 ) 4 > 2 dx (6.43) 


Thanks to (16.431) we rewrite ((6.411) as 

J\{Y\ + + ^> 2 ) — J\{Y\ + 4>\) = — —1|<^ 2 II 2 h— 2 —1^21 2 t J [f(V\ + (j)i+(j)2) — f(V\ + 4 > i)]4 , 2dx 

- [ [F(Vx +(j) 1 + (j) 2 ) - F(V\ + 4>i) - f(V\ + ^ 1 )^ 2 ] dx 
■hi 

= A + B + C + D. (6.44) 


A, B: Thanks to Proposition ECU for all sufficiently small e, we have H^H < ce 2 +<T , for 
some c > 0 and for some a > 0 depending only on N. Hence we deduce that A = 0(e e2+2<T ), 
B = O(e 02+2<T ). 

C: By Lemma T3.31 and Lemma T3. 2 1 we get 


/ 
J n 


[f{V\ + </>! + <fo) - f{V\ + </>i )]</>2 dx 


< [ \(j)2\ p+1 dx+ j \V x +<l)i\ p+1 <l)ldx 

J S 2 J Q 

< c||^ 2 |r +1 +c|Vx|^|^ 2 |p+i + c\0i\p+i\fo\l +1 

< ce 02+ ° 


for all sufficiently small e. 

D: Applying Lemma 13.21 and Holder inequality we get that 


[F(Vx + 4 > 1 + fo) - F{Vx + </> 1 ) - f{Vx + <fi)<fa] dx 


< c|PA|p+i|^2|p + l+c|()>l|^ + {|(/)2|p + i+c|(/)2|^|i. 


P-11 


IP+1 


Since all the terms from A to D are high order terms with respect to e 02 the proof is complete. 

□ 


7. Energy expansion of the approximate solution 
In order to prove our main results, it is important to understand critical points of the functional 

(<5,t) -a Jx{VU s - rei) 

Next we will find explicit asymptotic expressions for this functional. 


Proposition 7.1. The following facts hold: 

(i) : Let N = 4. For any p > 0, as A —>■ A+, the following expansion holds: 

1 1 2 

s 2 ) = r^S 2 + ee~~ [-b 1 g(s 2 ) 2 + b 2 g(s 2 )s 1 - b 3 sf\ + o{ee~~), 

where e = A — Ai, bi,b 2 ,b 3 are positive known constants. 

(ii) : Let N = 5. For any p > 0, as A —> A)" it holds: 


with 


Jx{di,d 2 ) — —S 5 ^~+e 2 

0 


0(e 2+a ) = e 2+a Mi(d±) + 1 


a±di — a 2 d 2 + 0(e 2 CT ), 


a 3 d\d% — 04 d 2 + O (e 3+CT ) 


(7.1) 

(7.2) 

(7.3) 
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for some function M 4 depending only on d\ (and uniformly bounded with respect to 
e = Ai — A/ where a is some positive real number (depending only on N) and aj, 
j = 1,2,3,4 are some positive and known constants. 

The expansions ED, (0 and m are C°-uniform with respect to (s 4 ,S 2 ) or (g?i,c? 2 ) sat¬ 
isfying condition (EED - 

Remark 7.2. We point out that the term M\ appearing in (E3D does not depend on c ?2 and this 
will be used in the sequel, in particular in (ESJ). 

Proof. We make some computations finding that 

'1 1 


J\(VU 5 -Te i) = 


2 p + 


-l-fjf^rdx + 1 -f a US n d, + T f-(X 1 -X)l a eidx 


+r( A-AO f VU.eidxf VU 2 dx -- / \\U 8 - y 8 \ p+1 - U p+1 + (p + l)U P w 

Jn * Jn p + L 


in L 


dx 


(i) 


-- [ e\ +l dx + T [ VU?eidx — T p [ VUge^dx 

P + 1 in Jn Jn 


p + 1 


'n L 


| VU S - rei| p+1 - VU P S +1 - r p+1 e p+1 + (p + l)VU p s rei - (p + 1 )VUgT p e\ 


dx 


(ii) 


Then for TV = 4, 5 


and 


1 1 


2 p+1 


U p+1 dx = ^S% /2 + 0(S N ) 


TV 


\ J n U &V sdx = °^ N 2S >- 


Now if TV = 4, fixing a small R > 0 such that Bn CC +1, we get 

■ dx + 5 2 ' 


U 2 dx = S 2 


a 2 


a 2 


' 1*1 


<R (S 2 + \X\ 2 ) 2 
fR r 3 


n\{|x|<R} i^ 2 + N 2 ) 2 


dx 


= S 2 J Q ( S 2 r +r 2)2 dr + 0 ( S2 ) 
2 \ 


= co 4 aj6 log - + 0(6 ) 


where uj 4 denotes the surface area of the unit sphere in R 4 . Instead, for TV = 5 we have 


U 2 dx = 6 3 


M*0‘ 


■dx = 6 2 / U 2 dx + 0\6 2 

J R5 V 


r+oo r 4 


/i (1 + r 2 ) : 


■dr . 


Hence 


ui 4 a 4 6 2 log y + 0(6 2 ) + O(\ips\oo J Q Ug dx) for TV = 4 


VU 8 dx = / U 8 dx+ / <p\ dx —2 / Ugipg dx = < 


6 2 [ U 2 dx + 0(5*) + 0(\vs\2\U s \2) 
J E« 


for TV = 5 
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and so 


Moreover 



co 4 a 2 6 2 log | + 0(6 2 ) 
S 2 / Rjv U 2 dx + 0(6 5 ) 


for AT = 4 
for N = 5. 


VUgei dx = 


/ ei [W 5 - ips\ dx 

J n 


ei 


aN- 


- JV-2 

0 2 _ iV — 2 , x _ , _ N + 2 , 

ttt — owd 2 H(x, 0) + 0(5 2 ) 


(d 2 + \x\ 2 ) 2 ' 


dx 


awd 2 ei 


1 


IAT-2 


— ~H(x,0) 


, „ N + 2 x 

dx + 0(d 2 ) 


= —d^ [ ei G(x+)dx + 0(5^) 

In Jn 

ajv j -"- 2 , nN , 

d 2 ei(0) + 0(6 2 ), 


7jvA 


since —Aei = Aiei and hence ei(0) = Ai f Q e 4 (x)G(x, 0) dx. 
Moreover 


and 


Now 


t f e\PU p dx 
Jn 


f eildg dx + t f e\(VU p —U p )dx 

JQ J q 


IQ 

„ N-2 


0(t6^ log A) 


t6 2 ei(0) / U p dx+l N+ 2 


/ R N 


0(t6 


if IV = 4 
if N = 5 


t p I VU$e\ dx = t p 6 2 —— [ e p G(x , 0) dx + 0(t p 6 2 ) 
Jn In Jn 


I CO I < c(l < P«lpii,n + ^W£ V|dx^j 
< ci jf 


dx 


/n (<5 2 + N 2 ) 5 


C 0 d 2 log A + 0(1) 


AT , „ cIV-2 


< cid JV +c 2 d 


1 


In \x 


N-2 


dx 


< c 3 


d 4 log A for AT = 4 
d 5 for AT = 5 


for N = 4 

for IV = 5 
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and 


|(/J)| < I [ ... dx| + | [ ... dx I 

< [ [PUs - re 1 | p+1 - VU P+1 + (p + \)VU p re^ 


dx 


+t p+1 [ e p+1 dx + T p {p + 1) [ 

Jb^{ 0 ) 

+r(p+l) [ VU p e\dx 

Jq 


^\B^rg(0) 


%( 0 ) 

( 

^•\ B ^g(0) 


VUse 1 ! dx 


VU p+l dx 




< Cl 


I'PTda - rei | p+1 - r p+ 1 e p+1 - (p + l)T p e\VU& 
[ r 2 f VU p ~ 1 e\ dx + t p+1 [ e p+1 dx + t p f VUse p dx 
- f VU p+l dx + T p - 1 f 'PU 2 e p ~ 1 dx + r f 

Jq\b ^<o) Jn\s ^(o) ./$; 


dx 


'^\B^g(0) 

< c 2 (t 2 6 2 | ei £ 


VU?e i dx 


‘'Q\B^g(0) 


L, m WTWy ix+TP+ ' le,K1 L' r ‘ ) 


B^gi 0 ) + M 2 ) 

+' pP |eilL <5 ^ / 777- 1 1 1n ^ Af — 2 dx + d^ f 

2 JO 


“ JV - 1 dx 


' B vs(°) (d 2 + M 2 )' 


Wo) (* 2 + N 2 )" 


dx 


+r p - 1 |ei|g 0 - 1 d JV - 2 [ 
Jr, 


1 


nV-B^o) (d 2 + M 2 ) 


2\N-2 


+: 

dx + T\ei\oo5~ 


< c 3 t 2 S 


2x2 


if JWT^ dx for ^ = 4 


if dr 


+ C4t p+ 1 <5^ + c 3 t p 5 2 


ln\B^(o) (d 2 + |x| 2 ) 2 

> r i 


■ dx 


for TV = 5 


+ C 6 


f+°° r N -1 


Ls_ (1 + r 2 )-^ 


dr + CfT p 1 


/, 


•^( 0 ) I 21 

dx for TV = 4 


IJV—2 


dx 


n\B^(0) (<5 2 + M 

53 dx for TV = 5 


r 

JsAB^(O) (<5 2 + |x|2) 2 


+cgr(5' 


f+°° j.N — 1 


< Cg T6 


2x2 


O (l + r 2 )^ 2 
log 4 for TV = 4 


dr 


+ t p+ 1 5% + r p 6% +6%+ r^ 1 


S 2 for TV = 4 


+ tS 2 


y/5 for TV = 5 
Putting together all these estimates we get for TV = 4 

J\(VU s -Tei) = Is 2 + 0(S 2 ) + t 2 ^ 1 ^ [ e\ dx + t(A - Ax) °~ N ei(0)d 

2 Jn 7ivAi 


d 2 for TV = 5 


^ \L i ±y - -x 

-^-w 4 a 2 d 2 log ^ + O ( d 2 log^(A - Ai)) -r p+ 1 —j—■ f e\ +1 dx 

2 d \ d ) P + IJn (7.4) 

+rdei(0) [ Li p dx + 0{t6 2 ) — t p S—— [ e p G(x,0)dx 

J r 4 In Jsi 


= -S 2 + ee - [-dig(s 2 ) 2 + d 2 5 (s 2 )si - d 3 s 2 ] + o(ee «) 
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where 


h := - f eldx; b 2 := ei( 0 ) / dx; b 3 := —^404 
J Jo Jr 4 J 

while for TV = 5 we get 


J x (VU s -Te 1 ) = ±sj +0(6 3 )+t 2 ^± 


[ e\ dx + r(A — Ai)-—ei( 0 )j 2 
Jn 7ivAi 

-^■Ai f U 2 dxS 2 + 0(S 2 (X-X 1 )) -r p+1 —!— [ e p+1 d 

2 JR5 P + 1 

+r<5^ei(0) / TJ P dx + 0 (t5^) — t p 6% — [ e p G(x, 0)da; 

J R5 7lV JO 


1 5 

5 ^ +£2 

+e 3 


aidj — <22^ 


+ e 


2 + <T 


Mi (dr) 


and the result follows with 


(7.5) 


a 3 d\d 2 — a 4 dl + 0 (e 3+<T ) 

ai := 7 - f e\dx\ a 2 := — —— / e p+1 dx; a 3 := ei( 0 ) [ U v dx\ 04 := I U 2 . 
2 Jo P + 1 Jo Jr 5 2 J R5 


□ 


7.1. C 1 — estimate of the reduced functional in the case TV = 4. Let if : R?_ —> R the 
function defined by 

^(si, s 2 ) := ~big(s 2 ) 2 + b 2 g(s 2 )si - b 3 sl, 

where bj, for j = 1,2,3, are the positive constants appearing in (17.41) and g is the function defined 
in m - The following result holds. 

Lemma 7.3. For any 77 > 0 there exists eo > 0 such that for any e £ (0, eo) it holds that 

d Sj J\{V x +$)= ee~id Sj ^(si, s 2 ) + o(ee“«) 

C°-uniformly with respect to Sj satisfying (13.81) . 

Proof. Let us fix a small g > 0. By definition we have 

d Sj Jx{V x + $ A ) - ee-id Sj y( Sl ,s 2 ) = (J' X (V X + $ A ) - J X (V X )) [d Sj V x ] 

+J' X (Va + 4>a)[9 S;i $a] + (d Sj J x (V x ) — ee e d Sj \ f) 


Now 

(d Sj J x (V x ) - ee~id 8j ^) = o(ee ~«) 
uniformly with respect to Sj in compact sets of R + . Indeed, 

d Sj Jx(V x ) = J^aM^a] = [ (VVxV5 Sj Va - XV x d Sj V x - f{V x )d Sj V x ) dx 

Jo 


VVU s Vd Si V x dx-T / VeiVcLbA dx - X / VU s d s ,V x dx 


+rA [ e\d Sj V x dx- [ f{V x )d Sj V x dx. 
Jo Jo 


Now we recall that 


9 SJ V X 


ee «VZs j = 1 
-e~ig'{s 2 )e 1 j = 2 . 










SIGN-CHANGING BLOWING-UP SOL. FOR THE BREZIS-NIRENBERG PROB. IN DIM. N = 4, 5 


41 


Hence for j = 1 
d Sl J\(V\) = ee~ 


'VVUs'VVZg dx — t / Vei X/VZgdx 
_J Q J £2 


= ee 


-A [ VUsVZsdx + rX [ ei VZ s dx- [ f(V x )VZ s 

JQ J £1 J Q, 

t(A — Ai) / eiPZa dec—Ai / VUsVZsdx 
J n Jn 


(i) 


( 2 ) 


-(A-Ai) [ VUsVZsdx - f [f(VU s — rei) — f(VUs) + f (VUs)rei] VZ S dx 
J n Jn 


( 2 ) 


(3) 


- f [f(VUs)- f(Us)]VZ s dx+ f f\Us)Te 1 VZsdx+ [ (f(VU s )-f , (U s ))Te 1 VZ 6 dx 
J Q, J £1 J 


(4) 


(5) 


(6) 


while for j = 2 we get that 
d S2 J\(V x ) = ~g'(s 2 )e ~« 


j S7VUsS7e\dx — r / |Vei| 2 dec 
.in Jn 

-A j VUseidx + t\ f e 2 dec — f f(V\)e i 


= -g’(s 2 )e~ 


r(A —Ai) / e 2 dec — (A — Ai) / VUseidx 

J Q JQ 


(i) 


in) 


- j ( f(VU s - re i) - f(VU s )) e\dx- [ (f(VU s ) - f(U s )) ei dec - f f(U s )e i dx 

^/r2 ./fi 


(///) (JU) 

Now, by using the decompositions "P^ = Zg — ips, VUs = Us — <ps we get that 


(V) 


1(1)1 = 

/ eiZ ,5 dx 


Jn 

(2) = 

[ UsZ 5 


Jn 

= 

c&d** 2 

= 

Q^d^ 

= 

Q 2 W4d / 

Jo 


< 


dec+ 0(1) =0(1). 

Jn FI 


d 2 — lecl 


Jn (d 2 + l^l 2 )^- 1 

/ - /v ~ 
/ ... dx + a/v<5 2 

J |rc|<i? 

R r 3((52 _ r 2) 
o (d 2 + r 2 ) 3 


dx + 0(6 2 ) 


/n\{|x|<R} 


... + o(d—) 


dr + 0(6 ) 
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= a 2 W4<51n — + 0(5) 
0 

and by using elementary estimates we get 


|(3)| < ci f [ | \IQ 2 T 2 e\VZ$\ dx + [ \T p e\VZ$\ dx 

\Jn Jn J 

< c 2 (r 2 f \U P ~ 2 Z S \ dx + ct 2 f \U p ~ 2 i/js\dx + ct p j \PZ$\ dx j 
V J n J n J (2 / 


< C3T 2 i51ni. 


Moreover 


|(4)| < cA [ \U p - 1 ^ s PZ 5 \dx+ [ \v P s VZ 5 \dx+ f \U p ~ 2 ^VZs\dx 
\Jn Jn Jn 


< c 2 5 2 \\\-. 


Finally 

(5) = ra p 4 p f 

Jn 


n (d 2 + \x 


3a p rei(0) 

1 


2 4- M2)2 
2 


ei (x)(Zs - ij)s) dx 


W 2 - 1 dv + o 


/ r 4 (1 + M 2 ) 4 




Q (S 2 + |x | 2 ) 2 


1, 


|a^rei( 0 )o ;4 + 0(ri5 2 log ^) 


since by making some easy computations one finds that 

/' \y\ 2 ~ 1 , = ^4 

7r 4 (1 + bl 2 ) 4 y 4' 

For ( 6 ), by the usual elementary inequalities and arguing as in (4), we have 

|( 6 )| = o(ee-#). 


Let us observe that 

r r+°° r 3 w 

b 2 =e 1 ( 0 ) U p dx = a^ei(0)w 4 / 77 - — 2 T 3 dr = a^ei(O) —. 

Jr 4 Jo l 1 + r J 4 

Hence 




/ 



d Sl J\{V\) = ee-« 

1 

e e 

V 

-Ara 2 w 4 si + a^er(O)— g{s 2 ) 

_^ ^ 4 

+ o(e“ 7 ) 







= ee e d Sl 4/ + o(ee e ). 


Now 


(I) = e *g{s 2 )e [ e\ 

Jn 

|(//)| < Cedleiloo = o(ee ~*) 

\(III)\<c(t f \VU s \ p ~ l dx + t 2 [ \VU s \ p - 2 dx + ■ 

\ J Q J Q 


t p ) = o(ee e ) 


Similarly 


|(JV)| = 0 (ee~i) 
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and finally 


(y) =6 Jn {l + \y\*)r ei{6y)dy = e i ( ° ) S J R4 UP dy + o(S). 


Hence 


d S2 J\(V\) = ee~ 


- [ e\ dxg'(s 2 )g(s 2 ) + ei(0) f U p dx g’(s 2 )s 1 + o(l) 
J n Jr 4 


:=b 2 


:=2b! 

= ee~ 1 d S2 ^ J + o(ee~ 7 ). 

We shall prove now that 

[J'x(Vx + * A ) - J'x(V. x)] [d aj V x ] = o(ee~i) (7.6) 

and 

J' x (V x +$ x )[d Sj $ x \=o(ee-i). (7.7) 

Let us prove (EH). We have 

[J' x (Vx + <h A ) - J'x(V. a)] [d Sj V x ] = I V$ x Vd Sj V x dx - A f § x d Sj V x dx - [ f'(V x )d Sj V x $ x dx 

JQ, Jfl JQ, 

- I [f(V x + $a) - f(Vx) - f(V x )$ x ] d Sj V x dx 
Jn 


For j = 1 


while for j = 2 


$\d Si V x dx 


= ee 


$ x VZs dx 


<ee « \^x\i\PZ s U = o(ee ■) 


since <h A £ /l and 


Moreover 


A / (S> x d S2 V x dx = \e *g'(s 2 ) / <h A ei dx = 0 

J Qj J Q 


0 = ($A,ei) H i (n) = Ai / $ A eidx. 


V$ A Vch.H A dx = 0 


since <f> A € /(A. At the end for j = 1 


/'(V A )d Sl V A $ A dx 


< c ( <5 / VUiVZ^ x dx 

I n 


+<5t 2 / e(?Zj$ A dx + dr / VU & e{PZ & ^ x dx ) . 

/ n 


Now 


1 , 


<5 / VUiVZ & <$> x dx < 5\VZ s \oo I VU^ X dx < c-\VU 5 \l\\$ x \\ < 5 2 = o(ee“) 
/n dn o 

St 2 [ elVZ 5 $ x dx<C 6 T 2 \\VZs\\\\$ x \\<CT 2 6 = o(ee-^) 

Jn 

St I VUse\PZs$ x dx < St\VUs\^\PZ s \ 3 \^ x \ 3 < cS^t = o(ee~*) 

Jn 
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< ciT|ei|oo|V\| 3 l|$A|| < C 2 (t6 3 + ct 2 S) = o(ee «) 


while for j = 2 

f'(V\)d S2 V\$\ dx 

» 

[f(V x + $a) - f{V x ) - f'(Vx)$ a] d Sj V x 

S\VU s \ 4 \\$x\\ 2 \\VZ s \\ + 5T| ei |4||$A|| 2 r^|| + 6\\i>x\\ 3 \\VZ 5 \\ j = 1 
r|m|4||$A|| 2 |e 1 | 4 + r 2 |e 1 ||||$A|| : 


< c( 

[ \V x $ld Sj Vx\dx 


Jn 


< c 


II 4»a II 2 + II 4>a II 3 'r| er | 4 


= o(ee «). 

Now we prove urn Since $a is a solution of (13.161) we have 

J'x (U + $a)[^$a] = Co(V Zs, d Sj ^x) H^{n) + C 1 ( e l) ^s 3 4>A) ff i(o) 


:=0 


and, from (15.121) we deduce that 

{VZg, d Sj $x)H*(n) = 


O for j = 1 

0 for j = 2 


So we have to analyze only the case j = 1. 

In order to estimate cq we write 

J'x (U + ^a )[PZs\ = co(VZs,VZs) H i(Q) + c\{VZs,ei) H i^ 

and 

J'x^Yx + ^A)[ei] = c 0 (VZs, ei) ff i(n) + c 4 (e 4 , ei) H i^ . 


:=D o >0 


Now 


{VZs : VZs) H i(p,) = \\VZs\\ 2 = A 0 5 2 + o( 1); {VZs,e\) H i^ = A^ + o{l), 

for some positive constants Aq 1 A±. 

Hence 

J'x(V a + $a)H (A, 


ci := 


£>n 


-CO ( JJ- +o(!) 


and by making some standard computations one finds that 

J'x(Vx + $x)[ei} = 0(6). 

Now 

J'x(Vx + $x)[VZ 5 \ = 


3 = 2 


- f [f{Vx)~ f{U 5 )\VZ 5 dx + T{ A-AO [ e{PZs dx 
Jo, Jo, 

-A / VUsVZsdx- A f $A VZsdx- [ [f(V x + $x)-f(Vx)\VZ s dx 
J Q, J Q, J 


0[ \/log ^ . 


Hence 


co 


(A) - + o(5 2 )) = O ^ 2 ^ 
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from which it follows that 

CO = o 

and hence 

J'x(V x + $a)[3 S j^a] = o(ee~i). 


□ 


8. Proof of the main Theorems 

Proof of Theorem M.il Let us fix a small rj > 0. Recalling that e = A — Ai, by Proposition 17.11 
(i), for (si, s 2 ) satisfying (13.811 the reduced functional has the uniform expansion 

J\(s 1 ,s 2 ) = ^S 12 + ee“? [T(si, s 2 )] + o(ee~ *), 

where 

^(si, s 2 ) = -big(s 2 )‘ 2 + b 2 g{s 2 )s 1 - b 3 sj. 

It is easy to see that T has a non-trivial critical point in Moreover it is a non¬ 

degenerate maximum point if 6 | — 46163 < 0. Hence, since the maximum points are stable under 
small perturbation, we get that the functional J\(si,s 2 ) has a critical point in some (sia 5 S 2 a) 
such that 

(siA; ® 2 a) —*■ 

as A —»• A^. If instead 6 | — 46163 = 0, the point is a degenerate critical point but it is stable 
according to Definition 13.51 since it is a maximum for T. Indeed 

4'(si,s 2 ) - 4' (J^, 1^ < 0 V (si, s 2 ) e U 

where U is a neighborhood of the point lV and we get the same conclusion by using also 
Lemma 17731 

At the end if 6 | — 46163 > 0 then is a non degenerate critical point but we have a 

direction in which it is a maximum and a direction in which it is a minimum. However by 
Lemma [773] we get the same conclusion. □ 

Proof of Theorem \1.2\ Let us set Gi(di) := ai df—a 2 d\ 0 ^ 3 , where ai, a 2 are the positive constants 
appearing in Proposition 17.II (ii). It is elementary to see that the function Gi : R + R has a 

3 

strictly local maximum point at d\ = ■ 

Since d\ is a strictly local maximum for Gi, then, for any sufficiently small 7 > 0 there 
exists an open interval I\, ai such that Ii, ai C R + , /i j(Tl has diameter 07 , d\ € I\. ai and for all 
d\ dl\^ cri 

Gi(di) < Gi(di) — 7 . (8.1) 

Clearly as 7 -I 0 we can choose oy so that <j\ —> 0. 

We set G 2 (di,d 2 ) := a 3 d\d 2 1 — 04 ^ 2 , G 2 : R+ —> R, where < 23,04 are the positive constant 
appearing in Proposition 17.II (ii). If we fix d\ = d\ then G 2 (d 2 ) := G(di,d 2 ) has a strictly local 
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maximum point at d 2 := fjdi^ ■ -^ s i n fh e previous case there exists an open interval I 2 ,a 2 
such that 12,(72 C R + , I 2 ,a 2 has diameter ( 72 , d 2 £ /i, CTl and for all d 2 £ 9 / 2, CT2 

G 2 (d 2 ) < G 2 (d 2 ) - 7 - ( 8 - 2 ) 

As 7 —► 0 we can choose U 2 so that (72 —> 0. 

Let us set K := I\, ai x l2,a 2 and let 77 > 0 be small enough so that K c]r), ^[x]r/, -1[. Thanks 
to Proposition 16.11 for all sufficiently small e, J\ : —> R is defined and it is of class C 1 , where 

we recall that e = Ai — A. By Weierstrass theorem we know there exists a global maximum point 
for J\ in K. Let (di,x,d2,x) be that point, we want to show that there exists t\ such that, for 
all e < ei, (di,A,^ 2 ,A) lies in the interior of K. 

Assume by contradiction there exists a sequence e n —> 0 such that for all n £ N 

{di,x n ,d 2 ,x n ) £ OK. 

There are only two possibilities: 

( a ) : di,A„ £ 9 /i iCTi , d2,A„ £ 1 2 ,( 72 5 

(b) : di,A n £ 1 1,#!, d 2 ,x n £ dl2,a 2 - 

Thanks to (ii) of Proposition 17.11 we have the uniform expansion 

Jx{d ll d 2 )- J x (d 1 ,d 2 )=e^ [G 1 (d 1 )-G' 1 (d 1 )] +o(e 8 '). (8.3) 

for all e < eo, (di, 1 / 2 ) £ K. We point out that we have incorporated the other high order terms 
in o (e® 1 ). Thanks to (ED and (IPD . for all sufficiently small e we have 

Jx(d\, d 2 ) — Jx(di, d 2 ) < 0, (8.4) 

for all di G < 9 /i j(Ti , for all d 2 £ l2,a 2 - So for n sufficiently large if (a) holds, since by definition 
Jx n (di,x n ,d 2 ,x n ) = max*: J Xn , then 

Jx n (,d\,x n ,d2,x n ) > JxAdi,d 2 ,xJ, 

which contradicts (18.41) . Assume (b). Thanks to (ii) of Proposition [7T] (see also Remark 1 7. 21) we 
have the uniform expansion 

Jx(di,d2)- Jx{d u d 2 ) = e^ [G 2 (d u d 2 ) - G 2 (d 1 ,d 2 )\ +o(e e >), (8.5) 

for all e £ ( 0 , eo), for all (c/i, e/ 2 ) £ K. 

For n sufficiently large so that e n < eo we have 

JA n (di,A n ,d 2 ,Aj- JA„(di,A n ,d 2 ) = e ® 2 [G 2 (di 1 A B ,d 2 ,A B )-G 2 (di 1 A n> d 2 )] + o(e 02 ) 

= e 02 [G 2 (d 1 ,x n ,d2,xJ - G 2 (d 1 ,d 2 ,x n ) + G 2 (d 1 ,d 2 ,xJ - G 2 (d 1 ,d 2 ) 

G 2 (d 1 ,d2)-G 2 (d 1 ,x n ,d 2 )\ + o (e® 2 ) 


_ 


3 , 

a 3 d lx n {di,> 


di) + G 2 (di,d 2 ,x n ) — G 2 (di,d 2 ) 


+ a 3 d% (di - di,A„) + o (e® 2 ) 

( 8 . 6 ) 

We observe now that, up to a subsequence, di t \ n —> d\ asn-l + 00 . This is a consequence of 
the uniform expansion given by (ii) of Proposition 17.11 in fact 

dA n (d 1 ,A nI d 2 ,Aj - Jx n (di,d 2 ) = e® 1 [G^dpAj - G 1 (d 1 )} +o(e® 1 ). 


(8.7) 
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Since (di,A n ,^ 2 ,a„) is the maximum point we have j\(di t \ n ,d, 2 ,\ n ) — J\(di,d, 2 ) > 0, hence, 


dividing dUZD by e® 1 , for all sufficiently large n we get that Gi(di,A„) — Gi(di) > — °^” ^ . On 


the other side, since d\ is the maximum of Gi, we get that Gi(di i A„) — Gi(di) < 0. So we have 
proved that 



and passing to the limit we deduce that limn^+oo Gi(di j A„) = Gi(di). Hence, up to a subse¬ 
quence, since di is a strict local minimum, the only possibility is di ; A„ —t di. 

Since we are assuming (b), from (18.21) we get that 


G2(di, d2,A„) — G2(di, g? 2) < —7. 


From this last inequality, (18.61) and since (e? 2 ,A„)n is bounded, then, choosing n sufficiently large 
so that 03(^2 e |di, e — di| and 03 d| |di — di i£ | are small enough, we deduce that 


J\ n {di,\ n ,d2,\ n ) — </A„(di,A nJ d 2 ) < 0, 


for all n > n. Since (di,A„i d 2 ,A„) is the maximum point it also holds 

dA„(dl,A„> d2,A„) — JA„(di,A„,d 2 ) > 0, 


and we get a contradiction. 

To complete the proof we point out that, as observed before, up to a subsequence dp a —> d\ 
as e —> 0. With a similar argument we prove that d 2 ,A —t d 2 . In fact, from the same argument 
of (18.61) . since di_A —> d\ and {d 2 ,\)t is bounded, we have 



J\(d\^\,d2,\) — J\{d\ i \ 1 d2) 


G 2 (di,A, d2,A) — G 2 (di,A, d2) -I-^— 

a ^2,\ (di,A — di) + G2(di,d2,A) — G2(di, J 2 ) 


0 < 


( 8 . 8 ) 




from (18.81) we get that 


—o(l) < G 2 (di,d 2 ,A) — G 2 (di,d 2 ) < 0. 

Passing to the limit as e -> 0 we deduce that G 2 (d 2 ,A) —t G 2 (d 2 ). Hence, up to a subsequence, 


since d 2 is a strict local maximum, the only possibility is d 2 ,\ —> d 2 - 

Hence by (i) of Proposition 17.11 we have that V\ + 4>i + </>2 is a solution of (11.11) . 

It remains to prove that the solution obtained is sign-changing. Let us set d> = $a := <j>i +(f> 2 - 
Since ua = Va + *!> is a solution of CUD then, by elementary computations, taking into account 
that by definition —AV\ = — Airei (see (I3.15D L we see that d> solves 


A$ = A<f> + XPUs + erei — U$ + f{u\) in fl 


on dfl. 


(8.9) 
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Since solves (18.91) . then, arguing as in the proof of Lemma 3.9 in [33] (see also the proofs of 
Lennna lFi.lQI Proposition ^. ll in the present paper), we have that |<E> |oo,n = o(S N 2 2 ) = 0 (e 9/4 ),Q 

N — 2 

for all sufficiently small e > 0. Hence, evaluating u\ at the origin, we have ua(0) = c(N)S ~ — 
rei(0) + = c(iV)d^^ 2 e -9 / 4 + o(e -9 / 4 ) > 0 for all sufficiently small e > 0. On the 

contrary, thanks to Proposition 18.11 if we fix a small ball B p centered at the origin, then, in 
f l \ B p , we have u\ = 0(5 — rei + o(t) = — d\^\e 3 ^ 4 e\ + o(e 3 / 4 ) < 0, for all sufficiently small 
e > 0. Hence u\ is sign-changing and the proof is complete. □ 

Proposition 8.1. Let <I>a be the remainder term appearing in Theorem \1.2l Then , for any 
compact subset K of fl \ {0} we have 

I^aIoo.k = o ((Ai - A) 3 / 4 ) , 


as A —y A j 


Proof. Let us set e := X± — A, and let <E> = <f> e := cfi + fa be the remainder term obtained in the 
proof of Theorem 1 1.2 1 We want to show that |<I> |oo ,at = o(e 3 / 4 ), as e —>■ 0. To this end, let us fix 
a positive number p such that B p = B p ( 0) CC LI. 

As observed in the proof of Theorem 11.21 since u\ = V\ + $ is a solution of m, then, $ 
solves (EH). We also point out that <f> is a smooth function since it is the difference between the 

$ 

two smooth functions u\ and Va- Let us set if = d/ e := ^ , where 7 is a small positive number 

and r is defined in (13771) (see also the footnote 1). We want to prove that |'I , |oo,fi\B p = 0(1), for 
all sufficiently small e > 0. By elementary computations we get that solves 


= A'T + A 

T = 0 


vu&_ 

r 1 +7 


+ 


-1+7 


ei - 


r 1 +7 


+ V 


>-1-7 f ( — 


in LI \ B p 
on dLl, 


( 8 . 10 ) 


N — 2 

We observe that in Ll\B p it holds |'P%| 0 o,n\B p < and hence, taking into account 

the choice of r and 8 we get that VUs T T+^ Bp = o(l), as e —> 0. By analogous computations we 

get that = o(l) and clearly it also holds yiry l|ei||oo,Q\B p < yiry l|ei||oo,n = o(l), as 

e -+ 0 . 

Let us set M e := |'L| 00 i n\B and let a e £ Ll \ B p such that |\E r (a e )| = |’L| 00j n\.B ■ Assume 
by contradiction that there exists a subsequence e*, —> 0 (and consequently a sequence of points 
a ek £ Ll\B p ) such that M ek = I'I'c Joo,n\B p = | (a efe )| + 00 , as k —> + 00 . In order to simplify 
the notation we shall omit the index k and use the notation e to denote that subsequence. We 
consider the rescaled function 


’L(y) 


:= -ik 


a e + 


Mf 


P 


2 

N - 2’ 


defined for y £ A e := M e N 2 [(fl \ B p ) — a e ]. Let us also set Ll e := M e N 2 (LI — a e ) By elementary 
computations we see that ik solves 


1 Thanks to the definition of 8 and r (see 113.Til ) and since d\ = d| >, —> d| > 0, da = A da >0, as e —> 0. 

we have 5 = 0(e 3 / 2 ), r = 0(e 3,/4 ), as e -+ 0 
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5 vuA 

-A$ = A—+ A- v 


a e 


y 

M? 


Mi 


2/3 


+ 


+r p-l-7J 


T l +^Me P+1 T 1 + 7 M 2/3+1 

Ux ( ac+ 7A, 


ei \a e + 


U 8 (° g + jfc) 


mH 


rM, 


<F = 0 


As observed before, since we are assuming that M t —> +oo, we have 


VU S (a 


Mf 


oo,^4 e 


= o(l), 


K (ae + -ftp) 


Mf 1 '“.A 


= o(l), 


r 1 +TM e 2/3+1 v h T 1+ ^Me P+l V ' T 1 +TM e 2/3+1 

as e —> 0. In particular, since if is uniformly bounded we get that 


\ jg 

A if 


in A e 

on 3f2 e , 

( 8 . 11 ) 


ei \ a ‘ + ~k) =o(1) - 

_ = o(l), and 
oo,„4 e 


p-1-7 


— r P-l-7 


UX ( Se + lk) 

rM e 


oo,A e 


VUs ( ae + w) rei ( ae + w) 


rM f 


rM, 


T 7 ^ 


= o(l), 


oo,^4 e 


as e —> 0. Now, up to a subsequence, by standard elliptic theory iF converges in C 2 oc (J\) to some 
function T which satisfies — AAF = 0 in II, where II is the limit domain of Ae- There are only 
three possibilities: 

(i) n = R JV , 

(ii) II is an half-space and 0 lies in the interior of II, 

(iii) II is an half-space and 0 G 311. 

We will show that (i), (ii) and (iii) bring to a contradiction. 

Assume (i) or (ii). From Remark 16.51 and in Remark 16.81 we deduce that ||\F||n —> 0 as e —> 0, 
and hence, since |tF| 2 „ j = |\F| 2 *,fi\B < |\H| 2 *,n < c||\F||q —> 0, as e —> 0, by Fatou’s Lemma we 
deduce that 

|^| 2 *,n < liminf |AF| 2 » t =0. 

e->0 z ’• Ae 

Since AF is smooth, we deduce that T = 0, but, since we are assuming (i) or (ii) then 0 lies in the 
interior of II, and by definition \F(0) = 1 (or \F(0) = —1), and hence iF(0) = 1 (or 'F(O) = —1), 
and we get a contradiction. 

Assume (iii). Then 311 is an hyperplane and 0 G 311. We consider a closed ball B such that 
Ren and dB is tangent at n in 0. Since the limit domain of A t is n and thanks to the 
choice of B we get that A e D B = B for all sufficiently small e > 0. Since \F is smooth and 
uniformly bounded and thanks to the estimates made before, we deduce that the right-hand side 
of the equation in (18.111) is smooth (it is sufficient it is of class C 0,a ) and uniformly bounded. 
Hence, by standard elliptic theory (see Theorem 6.6 and Lemma 6.36 in [27]), we get that, up 
to a subsequence, the restriction of \F to B converges in C 2 (B) to a function iF. As before we 
have that 'll = 0 in B, but, since we have the convergence in C 2 (B), we also have ’F(O) = 1 
(or T(0) = —1) which contradicts the smoothness of AF. Hence, we have that M e is uniformly 
bounded and hence |$| 00 i q\b p = o(r) = o(e 3 / 4 ), as e — > 0. The proof is complete. 
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□ 

Remark 8.2. We point out that, even for N = 4, we can prove that for any compact subset K 
ofil\{ 0}, the remainder term $a (appearing in Theorem, 1 1.1}) verifies |$a|oo,it = o(e ), as 
X —> Af. The key ingredient of the proof is that the remainder term verifies ||$a|| = 0(ee ~~), as 
e —> 0 (see Proposition non . and hence, considering, ip := —where a is any fixed number 

e a e e 

in (0,1), then, it still holds ||'I , || —> 0. Hence, arguing as in the previous proof, we get the same 
conclusion. 

Remark 8.3. We believe that in the case N = 6 the limit profile of a sign-changing solution of 
the problem m is given by 

u\(x) = VUs - v\(x) + 4>x 

as X —> X £ (0, Ai) ; where v\ is a positive solution of (12.21) whose existence is guaranteed by [14] 
and <f >a is a remainder term which goes to zero. Moreover we have that 

X = 2v- x (0) 

and 

A A + . 
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